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Abstract 

All factorizable Lie bialgebra structures on complex reductive Lie algebras were 
described by Belavin and Drinfeld. We classify the symplectic leaves of the full class 
of corresponding connected Poisson-Lie groups. A formula for their dimensions is also 
proved. 



Introduction 

The structure of symplectic leaves of a Poisson manifold M naturally carries information 
about the geometry of the Poisson bivector field. Its importance to dynamical systems is 
related to the fact that the phase space of any Hamiltonian system on M is a symplectic leaf 
of M. When the Poisson structure can be quantized algebraically, it has also applications 
to the representation theory of the corresponding quantized algebra of functions. Roughly 
speaking the Poisson ideals of functions vanishing on closures of symplectic leaves are 
deformed to primitive ideals of the quantized algebra, but the actual relation is subtle. In 
the 70's and 80's a detailed study of the primitive ideals of universal enveloping algebras 
of Lie algebras and their relation to coadjoint orbits was done. Nice accounts to it can 
be found in the review article |16| and the book Q. For standard (simple) Poisson-Lie 



groups and their quantized algebras of functions, this relation was examined more recently 
by Soibelman pBI, Hodges-Levasseur |1C, 11|, and Joseph [T^, ll^ (see also [pH, 0). 



In the early 80's Belavin and Drinfeld classified all nonskewsymmetric r-matrices on 
complex simple Lie algebras. The same procedure describes all factorizable Lie bialgebra 
structures on complex reductive Lie algebras, see |Q. The set of symplectic leaves on the 
corresponding Poisson-Lie groups is well understood for the standard structure 10, 13|, 



on the corresponding compact real forms |2(:, 21, 19|, and in the cases of the simplest 



twistings of the standard r-matrix by elements of the second tensor power of the (fixed) 
Cartan subalgebra ||2^, In the same time very little is known for any other Poisson 
structure in this list. 

The goal of this article is to present a unified description of the sets of symplectic leaves 
of the complex reductive Poisson-Lie groups associated to all r-matrices from Belavin- 
Drinfeld's list. We also prove a formula for the dimension of each leaf. 



*E-mail address: yakimov@math.berkeley.edu 
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In the rest of this introduction we will give a rough description of our results. Any 
Poisson-Lie group G of the discussed class has two canonical Poisson-Lie subgroups G±. 
Their Lie algebras are the spans of the second and the first components of the associated 
r-matrix. G± lie inside two parabolic subgroups P± of G and differ from them only on a 
part of a maximal torus H C P±. Let W, Wi, and W2 denote the Weyl groups of G and 
the Levi factors Li, L2 of P±. 

The main ingredient in the classification theorem for the leaves of G_ is a choice of 
minimal length representative v inW for a coset from W/Wi. (By v we will denote a 
representative of it in the normalizer N{H) of H in G.) For each such element v the 
maximal subalgebra of Lie(Li) which is stable under Adi, is a reductive subalgebra of g 
generated by the Cartan subalgebra Lie{H) and root spaces of simple roots. The corre- 
sponding reductive subgroup of G will be denoted by G" . The second main ingredient in 
the classification is a choice (for each fixed v) of an orbit of the twisted conjugation action 
of the derived subgroup (G^)' of on itself defined by 

TC^g{f) = g-'fAd,ig), f,gG{Gn'. 

In Sect. 4.1 we prove that this is the main part of the data which classifies double cosets of 
the dual Poisson-Lie group G^ of G_ in their classical double. Sections 4.2 and 4.3 realize 
the passage to symplectic leaves (dressing orbits) on G_ . The set of symplectic leaves of 
G+ are described in a similar way, but the corresponding results will not be stated. 

Sect. 5 deals with the general case of symplectic leaves on the full group G. The 
classification data is partly doubling of the one for G_ . One starts with a choice of a pair 
{vi,V2) of minimal length representatives in W for cosets from W/Wi and W/W2- The 
second part of the data is a twisted conjugation orbit on the maximal semisimple subgroup 
of Li whose Lie algebra is stable under Adi,^0~^Adi,2^. The map 9 : Lie(L'j^) Lie(L2) is 
an isomorphism known as Cayley transform of the r-matrix r. 

The first three Sections contain both a review of known facts that we need and some 
new results, see in particular Sections 1.3, 2.2, 2.3, and 3.3. 

For simplification purposes we have chosen to state and prove fully the results for the 
Poisson-Lie subgroup G_ of G. The ones for G are stated, but their proofs are mostly 
sketched. Although they imply the ones for G_, their proofs compared to the G_ case 
contain additional complications only. 

Our proofs are based on a certain inductive procedure which resembles (and in some 
sense should be considered as Poisson-Lie analog of) Dufio's construction for computing 
the primitive spectrum of universal enveloping algebras of Lie algebras which are not 
necessarily solvable or semisimple |^]. The reason for this relation comes from the fact 
that linearization of the Poisson structure on G at the origin and quantization produces 
the universal enveloping algebra U{q*) of the dual Lie bialgebra g* of g = Lie(G). The 
Lie algebra g* is roughly speaking isomorphic to a sum of two parabolic subalgebras of g 
with identified Levi factors. It is solvable only in the cases of the simplest twistings of the 
standard structure. 

An explicit quantization of the Belavin-Drinfeld r-matrices was obtained recently by 
Etingof, Schedler, and Schiffmann [^. An appropriate extension of Dufio's construction 
will be essential for the classification the primitive ideals of the corresponding quantized 
algebras of functions. 
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In a subsequent publication we will extend our methods to classify the symplectic 
leaves of the Poisson homogeneous spaces for the considered groups. 

A word on terminology and notation: All double cosets will be considered as orbits of 
actions of Lie groups and as such will be equipped with the induced quotient topology. 
All results will refer to this topology. Often there will be formulas that mix direct sums 
of linear spaces and direct sums of Lie algebras. To distinguish them, the former will be 
denoted by + and the latter by ©. 

Acknowledgements I am grateful to Nicolai Reshetikhin for teaching me Poisson-Lie 
groups and for many stimulating discussions. I also benefited a lot from fruitful conver- 
sations with G. Ames, E. Frenkel, A. Givental, T. Hodges, T. Levasseur, A. Okounkov, 
A. Weinstein, and J. Wolf. This work was supported from the NSF grants DMS96-03239 
and DMS94-00097. 

1 Lie bialgebras and Poisson— Lie groups 

All Lie algebras and groups will be assumed finite dimensional. 
1.1 Lie bialgebras 

Definition 1.1 A Lie bialgebra is a Lie algebra (g, [., .]) equipped with a map 5 : q ^ A^g, 
called Lie cobracket, such that 

1. The dual map to 5 defines a Lie algebra structure on q* and 

2. 6{[a, b]) = [6(a), l®6 + 6®l] + [l®a + a(» 1, '^(^)], Va, 6 G g. 

The notion of Lie bialgebra is self dual. More precisely, the dual space q* is naturally 
equipped with a structure of Lie bialgebra with Lie bracket induced by 6 and Lie cobracket 
induced by [., .]. The same Lie algebra equipped with the opposite cobracket will be denoted 
by 0*°P. 

Definition 1.2 The space + 0* admits a canonical structure of Lie bialgebra called 
classical (Drinfeld) double of and denoted by D(0). It is uniquely determined from the 
requirements: 

1. The natural embeddings z : ^ D(0) = + 0* and i* : 0*°p ^ D(0) =0 + 0* are 
morphisms of Lie bialgebras. 

2. The inner product on -j- 0* which is equal to the pairing between and 0* and is 
trivial otherwise, is invariant with respect to the adjoint action of D(0). 

The following is an important construction for studying the structure of a classical 
double. 

Definition 1.3 A Manin triple is a triple of Lie algebras (0, a^, o_) for which is equipped 
with an invariant nondegenerate inner product (., .) and 

1. 0-1- and a_ are isotropic Lie subalgebras of 0, 

2. = a-^ + o_. 
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The double D{q) of any Lie bialgebra q gives rise to a Manin triple (D(g),0,0*) with 
inner product on g + g* as defined in Definition Conversely, assume that (g, a+, a_) 
is a Manin triple. Then a^, o_, and q have natural structures of Lie bialgebras with 
costructures induced from the bilinear form on g by identifying = a_, a*°^ = a^, 
and setting g = a+ a„ as Lie coalgebras. One finds that as bialgebras a_ = a*^^ and 
5 = D(a+). 

Definition 1.4 A Lie bialgebra (g, [., .], 5) is called coboundary if there exists an element 
r & Q® Q such that 

(5(a) = [r,a (g) 1 + 1 (g) a], Va G g. (1.1) 



The map 5 from ( LI ) defines a Lie bialgebra structure on g if and only if the following 
conditions hold for r : 

r + r2lG(g^^)^ (1.2) 
[r-i2,ri3] + [ri2,r23] + [ri3,r23] G {q^^ ■ (L3) 

For the standard notation ri2, ri3, etc., we refer to any book on quantum groups, e.g. 
d, 0, m. In both formulas (.)9 means g-invariant part with respect to the natural adjoint 
action of g on tensor powers of g. 

Definition 1.5 A coboundary Lie bialgebra is called quasitriangular if its r-matrix sat- 
isfies the Yang-Baxter equation 

[n2, ns] + [n2, ■^23] + [^'IS, ■^23] = 0. (1.4) 

The classical double D(g) of any Lie bialgebra g is a quasitriangular bialgebra with r- 
matrix r G g (g) g* representing the graph of the trivial map id : g — > g. 

For any quasitriangular Lie bialgebra g one defines the maps r+ and r_ : g* ^ g by 

r+(x) = (x (g id)r, Vx e g*, (1-5) 
r_(x) = — (id (g x)r, Vx G g*. (1-6) 

Lemma 1.6 The maps r^, r_ : g* ^ g are morphisms of Lie bialgebras. 

See j^, 0] for a proof of this Lemma. Denote the images of r+ and r_ by g+ and g_ 
respectively. 



Definition 1.7 A quasitriangular Lie bialgebra g is called factorizable ||23[] if 

r + r2i E S'^g 

defines a nondegenerate inner product on g*. (Here S^V denotes the k-th. symmetric power 
of the vector space V.) 
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For any quasitriangular Lie bialgebra g, the spaces 0+ and g_ are Lie sub-bialgebras 
of Q and g_ = 5+ ^. Thus D(g+) as a vector space is isomorphic to g+ + g_ and one can 
define a Hnear map 

7r:D(g+)^g (L7) 
which restricted to g+ and g_ coincides with the natural embeddings of these algebras in 



Lemma 1.8 The map it defined in { \1.7\ j is a morphism of Lie hialgehras. 
Proofs of this Lemma can be found in pi, |2|, |. 



1.2 Symplectic leaves of Poisson— Lie groups 

Recall that a symplectic leaf of a Poisson manifold (M, vr) is a maximal connected symplec- 
tic submanifold. Any symplectic leaf S can also be described as a union of all piecewise 
smooth paths starting at a given point of S with segments that are integral curves of 
Hamiltonian vector fields on M. In particular this implies that M is a disjoint union of its 
symplectic leaves. 

A Poisson-Lie group G is a Lie group equipped with a Poisson bivector field for which 
the multiplication map G x G — s- G is a Poisson map. Its tangent Lie algebra g carries a 
natural Lie bialgebra structure and conversely for any Lie bialgebra g there exists a unique 
connected and simply connected Poisson-Lie group whose tangent Lie bialgebra is g (see 
[0). Any Poisson-Lie group G with coboundary tangent Lie bialgebra g can be equipped 
with the Sklyanin Poisson-Lie structure 

TTx = L,(r)-i?,(r), xGG (1.8) 

where r € g <8> g = TgG T^G is an r-matrix for the Lie bialgebra structure on g and Lx, 
Rx denote the differentials of the right / left translations by x G G. The bivector field vr 
is skewsymmetric because of the Ad-invariance of r + r2i, see (|1.2|). 

A double D(G) of a Poisson-Lie group G is a connected Lie group with Lie(D(G)) = 
D(g) for which the embedding i : g ^ D(g) can be integrated to a (possibly not proper) 
embedding of Lie groups: 

i : G^D(G). 

Since D(g) is a quasitriangular Lie bialgebra, any such group D(G) can be equipped with 
the Sklyanin Poisson structure and then i becomes an embedding of Poisson-Lie groups. 
By we will denote the (generally not closed) subgroup of D(G) with Lie(G'~) = i*(g*) C 
D(g). G*" will be equipped with the topology having as a basis of open sets the connected 
components of intersections of open sets of D(G) with G^ . Since i*(g*°P) is a Lie sub- 
bialgebra of D(g), G^ is a (nonproperly embedded) Poisson-Lie subgroup of D(G) with 
tangent Lie bialgebra i*(g*°P) = g*°P. It naturally plays the role of (opposite) dual of G. 
The intersection 

S := i(G) nG^ 

is a discrete subgroup of D(G) because i(g) fl i*(g*) = 0. The right action of S on i(G) 
preserves the Poisson bivector field. By abuse of notation the projections of the symplectic 
leaves of G on i{G) /S will be called symplectic leaves of i{G) /S. In the case when i{G) and 
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are closed subgroups of D(G), the latter are indeed the symplectic leaves of 
In this case i{G)/T, is also diffeomorphic as a Poisson manifold to the dense, open subset 
i{G)G''' /G'' of the Poisson homogeneous space D(G)/G'" of D(G). The projection map 
G i{G)/Tj will be denoted by p. 

In this setting an algebraic way to describe the symplectic leaves of G was found by 
Semenov-Tian-Shansky [p5|| (see also I^T]). In this formulation the statement was taken 
from 0. 

Theorem 1.9 1. The symplectic leaves ofi{G)/T, are the connected components of the 
intersections of double cosets CxG'^' in D(G) with i{G)G^ projected into i{G)G^ /G^ = 
i{G)/^. 

2. The symplectic leaves of G are connected components of the pull hacks of symplectic 
leaves of i{G)/Ti under the projection p. 

In the case when i{G) and G^ are closed subgroups of D(G), the left (local) action of G^ 
on i{G)G'^ /G"^ can be lifted to a (local) Poisson action of G^ on G using the the covering 
map p. In the general case such an action is obtained by integrating the so called dressing 
vector fields, see |21]. This action is called left dressing action of the (opposite) dual 



Poisson-Lie group G^ of G, on G. The traditional way of stating the result of Theorem 



l.£ is that the symplectic leaves of G are the orbits of the dressing action of G 



r 



1.3 The passage from double cosets to symplectic leaves 



According to Theorem |1.9| the main question in passing from G^ double cosets in D(G) to 
symplectic leaves of i{G)/T, is to understand whether (and how) each such double coset 
intersects the dense, open subset i{G)G^' of D(G). In this Subsection we provide an answer 
to this question for an arbitrary Poisson-Lie group. 

Theorem 1.10 For any connected complex Poisson-Lie group G the intersection of each 
double coset G^xG^ in D(G) with i{G)G''' is a dense, open, and connected subset of the 
coset G^'xG''. 



Taking into account ^(g) + i*{Q*) = D(5), Theorem 1. 10 can be obtained as a consequence 
from the following Lemma. 

Lemma 1.11 Let G he a connected complex Lie group and A, B be two Lie subgroups of 
G satisfying 

Ue{A) + Lie(S) = Lie(C). (L9) 

Then the intersection Ax A n BA is a dense, open, and connected subset of Ax A for any 
X G C7. 



Proof. Eq. (|l.9D implies that the products AB and BA are dense, open subsets of G. Recall 
that if U and V are two dense, open subsets of C, then UV = C (see e.g. Lemma 7.4 in 
[|l|]). Applying this for U = AB and V = BA shows 

ABA = C. 

Thus the intersection Ax A n BA is a nonempty open subset of Ax A, for all x G C. 
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BA can be considered as the orbit of e G C under the obvious action AxB. Consider 
the general situation of an action of a Lie group F on a complex manifold X for which 
there is a dense, open orbit O of dimension dimF. We will construct a global section of 
the anticanonical bundle K'^ on X whose set of zeros is the complement to O. Fix a linear 
basis {fk}k=i of Lie(F), N = dimF. The infinitesimal action of Lie(-F) gives rise to a 
set of vector fields {vfcj^x '-'^ '^^^ assumption on the action of F implies that the 
set of vectors {vi{x), . . . ,vn{x)} C T^X is linearly independent ior x £ O and linearly 
dependent otherwise. Thus the global section vi A . . . A vn of the anticanonical bundle on 
X vanishes exactly on the complement to the orbit O in X. Applying this argument to the 
above mentioned action oi Ax B onC gives that Ax A n BA is a nonempty open subset of 
BA whose complement in BA is the zero set of a global section of K"^. This implies that 
it is a dense, open subset of BA which in addition is connected since the ground field is 
C. □ 



Note also that Lemma 1.11 without the connectedness part is still valid over 



2 Lie algebra structure of certain doubles and duals 

This Section is devoted to the explicit description of the Lie algebra structure of certain 
doubles and duals associated to a factorizable Lie bialgebra g. (In all statements the 
costructure of the involved bialgebras will not be considered.) First we recall a result 
of Reshetikhin and Semenov-Tian-Shansky |23| on Lie algebra structure of D(g) and the 
embeddings of g and g* in it. From it we deduce a similar result about the Lie structure of 
D(g+) and the embeddings of g+ and g_. A second derivation is also presented. Compared 
to the first one, it has the the advantage that it does not rely on an initial guess of what 
the structure is. 

The nondegenerate bilinear form on g induced by r + r2\ € S'^g will be used often and 
will be denoted by (., .)r- 

2.1 Description of D(g) and of the embeddings g, g* C D(0) 



The homomorphisms r± (see eqs. ( |1.5| )-( fL6D ) can be combined to define an embedding of 
Lie algebras 

r:g*^geg (2.1) 

by 

r{x) = (r+(x), r_(x)), x E g*. (2.2) 



This map is injective due to the nondegeneracy of r + r2i. Its image will be denoted by 

= g*. 

The Lie algebra g by itself can be embedded diagonally in g g : 

d{g) = {g,g)^Q®Q,ioig£Q, (2.3) 

so d(g) := lm.d = g. 

Proposition 2.1 (Reshetikhin-Semenov-Tian-Shansky) The double D(g) of a factoriz- 
able Lie bialgebra g is isomorphic as a Lie algebra to g © g. In addition g* and g are 



embedded in it by the maps r and d defined in (2.2) and (|2.3|). 
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Proof. Equip © with the bihnear form 

< {xi,X2), {yi,y2) >= {Xl,yi)r - {X2,y2)r- (2.4) 

One checks that (i(0) and 0^ are isotropic subspaces of 0. Since d(0) n 0*" = and 
dim(i(0) + dim0^ = 2dim0 the triple (0 ® 0,^(0), 0'') is a Manin triple, which implies the 
statement. □ 
The algebra 0^ can be described more explicitly in terms of the so called Cayley 
transform of r. To formulate this result, we need to introduce the algebras 

ra+ = r+(Ker r_), 
ra_ = r_(Ker r+). 

Clearly m± are Lie ideals of 0±. The quotients 0+/m+ and 0_/m_ are isomorphic as Lie 
algebras and the isomorphism is given by 

0{r+{x) + m+) = r_(x) + m_, Vx G 0*. (2.5) 

It is correctly defined, since rj^{x) G m+ implies x G Ker r_|_ + Ker r_ and thus r_(x) G m_. 
It is also straightforward to check that is a Lie algebra homomorphism. The fact that it is 
an isomorphism is proved directly by constructing the inverse map 6^^ : 0_/m_ — > 0+/m+ 
by 

0(r_(x) + m_) = r+(x) + m+, Vx G 0*. 

The map 6 is the classical Cayley transform "j^ " of the linear map / : — > 0, 
defined by 

/ = -r_oj:0^0 (2.6) 

where j : — > 0* is the linear isomorphism associated with the nondegenerate form (., .)r. 
In terms of it: r+ o j = 1 — /. The algebras g±, m±, are 0+ = Im(/ — 1), 0_ = Im/, 
m+ = Ker/, m_ = Ker(/ — 1) as needed for the definition of Cayley transform. 
Consider also the projections: 

P± : 0± ^ 0±/nv±. (2.7) 

The following result of Semenov-Tian-Shansky describes 0^" in terms of 6. 

Proposition 2.2 The subalgebra 0'' o/0+©0_ C 0©0 consists of those (x+,x_) G 0+©0_ 
for which 

6'op+(x+) = p_(x_). 

This proposition is obtained directly from the definition of 6. 

Note that m± are isotropic subalgebras of q± with respect to the bilinear form (., 
Indeed, for all x G Ker r_ C 0* and y G 0* we have 

{r+{x),r+{y))r = x{r+{y)) 
= (y © x)r = — 2/(r_(x)) = 0. 

Therefore one can equip 0+/m+ and 0_/m_ with inner products induced by (., .)r- In this 
setting the map 6 is an isometry. 
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2.2 Description of D(0+) and of the embeddings 0+, ^ 

Here we will describe the Lie structure of D(g-i-) and how 0+ and 0- are embedded in it. 

Proposition 2.3 As a Lie algebra 

D(0+) =0©(g+/m+). (2.8) 

The embeddings 

i± ■9± ^D(0+) = 0® (0+/m+) 

are given by the formulas 

= (x,p+(x)), forx£Q+, (2.9) 

i.{y) = {y,e-'op_{y)), foryeg^. (2.10) 

Proof. Equip the Lie algebra © (0+/m-(-) with the invariant bilinear form 

< {xi,X2), (yi,y2) >= {xi,yi)r - (x2,y2)r, xi,yi G 0, X2,y2 G 0+/m+. (2.11) 

As was noticed, this is possible since m+ is an isotropic subspace of 0+ with respect to 



the bilinear form (., .)r. Eqs. (p^-( [23o| ) define embeddings of 0± in © (0+/m+). Their 



images i±(0±) are isotropic subspaces with trivial intersection. This follows from 

h(0+) = (id X P+)diQ+), 

^-(0-) = (p+xid)(0^'n(0+©0)), 

and the fact that d{g) and 0*" are isotropic subspaces of © with respect to the inner 
product (\2-4)- In the second equation the elements of © (0+/m-|-) in the right hand side 
are written as pairs in the opposite order. Taking into account dim0-j. + dimm-(- = dim0 
one gets that (0© (0+/m+), i+(0+), i_(0_)) is a Manin triple which implies the statement. 
□ 

2.3 Another approach to the structure of D(g+) 

Here we will present a second approach to the results from Sect. 2.2 on the Lie structure 
of D(0+). All results will be formulated without proofs. 



The starting point is the Lie bialgebra morphism vr : D(0-|_) g, see (1.7). Its kernel 
C0 := {(x, -x)\xeQ+n 0_} C 0+ + 0_ (2.12) 
is a Lie bialgebra ideal of 0(0). Define a map 

1:0^ D(0+) (2.13) 

by 

lix) = (r+ o j{x), -r_ o j{x)) G 0+ + 0_ ^ D(0+) (2.14) 

where as before i : — > 0* is the identification map coming from the nondegenerate 
bilinear form (.,.),. on 0. 
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Lemma 2.4 / is an injective homomorphism of Lie algebras, such that r o I = idg. 
This proposition allows us to split D(g+) as a direct sum of Lie algebras 

D(0+) = Im/eC0^5eC0. (2.15) 
To investigate the Lie structure of Cg, we define the maps 

F± : 0±/m± ^ Cg C D(s+), 

by 

F+{x) = {fx, -fx) G Cg, Vx G Im(/ - 1), 

= ((/ - l)x, -(/ - l)x) G Cs, Vx G Im/. 

They are clearly well defined on the factors. 

Lemma 2.5 The maps and are Lie algebra isomorphisms and the composition 

o F+ : 0+/m+ ^ 0-/m_ 
is equal to the Cayley transform 9 : g-|-/m+ g_/m_ of f. 

Combining (|2.15| ) with this Proposition implies the isomorphism (p.^). The statement 
about the inclusions i± of q± in D(g+) from Proposition 2^ is obtained by computing the 
composition of the embeddings q± ^ D(0+) with this isomorphism. 

Finally note that when D(g+) is identified with g © (g+/m+), the projection 
TT : D(g+) g (see (|l.7|) ) is just the projection on the first component. 



3 Factorizable reductive Lie bialgebras and Poisson— Lie 
groups 

3.1 Belavin-Drinfeld classification 

Consider a complex reductive Lie algebra g. Let f) C g be a Cartan subalgebra of g. Choose 
a set of positive roots A+ and denote by b± the corresponding positive and negative Borel 
subalgebras of g. Let F be the set of simple roots. For a fixed nondegenerate invariant 
inner product (., .) on g, {x/3 \[3 G ±A+} will denote a set of root vectors xp G g^, such 
that 

(x;3,x_/3) = 1, V/5G A+. (3.1) 



Definition 3.1 A Belavin-Drinfeld triple is a triple (Fi,F2,r) where Fi, F2 C F and 
T : Fi ^ F2 is such that 

1. (r(a),r(/3)) = (a,/?) for all simple roots a and (5 from the set Fi, 

2. For any 7 G Fi there exists a positive integer n for which t"(7) G F2\Fi (nilpotency 
condition) . 

Given a Belavin-Drinfeld triple (Fi, F2 C F), one defines a partial ordering on A-|- by 
a < /? if a G Fi, /3 G F2, and fi = T^{a) for an integer n. 
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Theorem 3.2 (Belavin-Drinfeld) Any factorizable Lie bialgebra structure on a complex 
reductive Lie algebra g has an r -matrix 

r = ro+ ^ X_a ®Xa+ ^ X-a A Xf3 (3.2) 

aeA+ a,/3eA+,a</3 

for an appropriate choice of a Cartan subalgebra t), an invariant bilinear form (., .) on g, 
root vectors xp € normalized by ( ^.iD , and a Belavin-Drinfeld triple (ri,r2,T). The 
component ro G t)*^^ 0/ r has to be such that 

(ra (g) l)ro + (1 a)ro = 0, Va G Fi, 
ro + ''o^ = ^^0- 

Here Qq is the component m [) f) of the Casimir of q associated to the form (., .). 

For such an r-matrix the bihnear form (., .)r on g induced by r + r2i (see Sect. 2) is 
equal to the form (.,.). 

The original result of Belavin and Drinfeld dealt with the case of nonskewsymmetric 
r-matrices on complex simple Lie algebras. It was later observed (see [^) that their proof 
can be easily extended to the above generality. 

It is also important to note that all Lie bialgebra structures on a complex semisimple 
algebra g are quasitriangular since if^(g,g) = 0. But this is not true for a reductive 
algebra. For example when g is commutative any Lie algebra structure on g* gives rise to 
Lie bialgebra structure on g. 

Let us fix an r-matrix as in Theorem associated to a Belavin-Drinfeld triple 
(Fi,r2,T). Denote with the parabolic subalgebra of g containing 6+ and the root 
spaces g" for all negative roots a that are linear combinations of simple roots from Fi. In 
a similar way define a parabolic subalgebra p_ containing b_ and for all positive roots 
P that are linear combinations of simple roots from F2. 

With n+, n_ we will denote the unipotent radicals of p^, p_ and with [1, [2 their Levi 
factors. 

The Levi decompositions of p± read: 

P± = [i,2 + n±. (3.3) 

The derived subalgebras of [1, [2 will be denoted by l[, ['2 and their centers by 31, 32, so 

= [^0 3,, i = 1,2. (3.4) 

The spans of first and second components of tq contain l[ n f) and ('2 n f) respectively. 
Denote by f)i and f)2 their intersections with 31 and 32. Finally define 

i^°rt= [(,,e([^nfi)]^, i = i,2 (3.5) 

where the ortogonal complement is taken in f) with respect to the form (.,.). One proves 
dH, 0] that xn± are the orthogonal complements to g± which implies 

f)r*C()„ i = l,2. 
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Therefore Q±/m± can be identified with l[ 2 © and the Cayley transform 6 can 

be considered as an orthogonal Lie algebra isomorphism between the last two algebras. 
One can choose complements Oj for J)™* in f)j (i = 1,2), for which the map 9 can be lifted 
to a Lie algebra isomorphism 

9 : 0'i©oi ^02©a2, (3.6) 
preserving the form (., .) in such a way that 9{ai) = 02. 

Proposition 3.3 For a Belavin-Drinfeld triple (ri,r2,T) the algebras q±, m±, are given 
by 

m± = f)?3 + n±, (3.7) 
0± = (['i,2®ai,2)+m±, (3.8) 

and thus the quotients Q±/m± are 

0±/m± ^ ® ai,2- (3.9) 

The Cayley transform : ['^^ © ai ^ [3 ® a2 maps l'^ to extending the map r to root spaces 
and ai to 02 preserving the form (., .) (where it is completely determined by the term tq of 
the r -matrix r). 



The projections p± : q± ^'1,2©"^!, 2 — Q±/^± (recall eq. (3^)) are just the projections 
on the first components in 



The decompositions (3^) are similar to the Levi decompositions of 0±. The Lie algebras 
m± stay "between" the nilpotent radicals n± of q± and their radicals 31^2 -i-n±. 

Example 3.4 Consider the special case when the r-matrix r is such that 

This means that the Cartan subalgebra f) sits entirely inside the subalgebra of 5 spanned 
by the first components of r and is equivalent to the condition f)""^* = 0. Then g± are full 
parabolic subalgebras 

0± = P± 

and their ideals m± are equal to the unipotent radicals n± of p± 

m± = n±. 

The quotient algebras Q±/m± are isomorphic to the Levi factors [1^2 of p± : 

Q±/m± = [1,2- 

So Oj can be naturally taken 3^ (i = 1,2) and the Cayley transform 9 : li ^ [2 is an 
orthogonal Lie algebra isomorphism between the full Levi factors (i and [2. 
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Example 3.5 The standard Lie bialgebra structure on a complex semisimple Lie algebra 
g comes from the r-matrix 

r = ^ Xj ® Xj + ^ X^a ® Xa 

where {xj} is an orthonormal basis of f) with respect to the Killing form on g. It is 
associated with the trivial Belavin-Drinfeld triple for which Fi = r2 = 0. The algebras 
3± are equal to the Borel subalgebras b±, and m± are their unipotent radicals n±. The 
quotients 0±/m± are naturally isomorphic to the Cartan subalgebra f) {[[ and 1)°''*, i = 1,2 
are trivial). Under this identification the map : f) — > f) is = — idfj. 



Example 3.6 Let g = s[(n+l), f) be its Cartan subalgebra consisting of diagonal matrices, 
and {ai, . . . , an} be the set of its simple roots. 

The Cremmer-Gervais |^ ^] Lie bialgebra structure on it is associated to the Belavin- 
Drinfeld triple Li = {ai, . . . , On-i}, r2 = {02, • • • , On}, ''"("j) = Oj+i, i = 1, • • • , - 1- 
The algebras \)f^ are trivial and 

[1 = {diag(^, -tr^)|^ G gl(n)} ^ (3.10) 
[2 = {diag(-tr^, A)\A G 0l(n)} ^ 0[(n) (3.11) 

(in block notation). The tq component of the r-matrix is chosen in such a way that its 
Cayley transform : li ^ [2 is 

6'(diag(^, -trvl)) = diag(-tr^, A). 



3.2 Related Poisson— Lie groups 

For a complex reductive group R we will denote its derived group by R' and the identity 
component of its center by Z{R)°. Recall the standard fact 

R = R'Z{R)° (3.12) 

and that R' H Z{R)° is a finite abelian group. 

In the rest of this paper G will denote a connected complex reductive Lie group. We will 
fix a factorizable Lie bialgebra structure on q := Lie(G) associated to a Belavin-Drinfeld 
triple (ri,r2,r) and equip G with the corresponding Sklyanin Poisson-Lie structure (see 

O). 

With G+ and G_ we will denote the connected subgroups of G with tangent Lie 
bialgebras 0+ and 0_. They are Poisson-Lie subgroups of G since q± are Lie sub-bialgebras 
of g. Let M± be the subgroups of G+ with Lie(M±) = m±. 

Assuming the notation from Subsect. 3.1 for Lie(G) = 5, we will give explicit formulas 



for M± and G±, similar to (3/7) and (|3.8| ). The maximal torus of G corresponding to the 
fixed Cartan subalgebra f) of 3 will be denoted by H. Let B± be the Borel subgroups of G 
relative to H with Lie(i?±) = b±. Denote with P± the parabolic subgroups of G with Lie 
algebras p±. Let Li^2 be their Levi factors and N± be their unipotent radicals. The Levi 
decompositions of P± are 

P± = Li,2 X iV±. 
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The connected subgroups of Z{Li)° with Lie algebras aj and will be denoted by 
Ai and H°'\ 

The group analogs of formulas (|3.7D and (|3.8|) are 



M± = i/i°2 ^ (3-13) 
G± = (L'i,2 ^1,2) M±. (3.14) 

The intersections L[ Ai C Z(L[) are finite groups, but they are nontrivial in general. 
The groups L'^ 2 ^1,2 normalize M-i-. The intersections 

(l;,2 ^1,2) n M± = {Z{L[^^) ^1,2) n F?^* 

are discrete subgroups of Z{L[ 2^1,2)- Generally they are also nontrivial. 
The factor groups G±/M± are 

G±/M± ^ (L;,2 ^i,2)/(^(^'i,2) ^1,2 n Fi™2')). (3.15) 

Unfortunately the Cayley transform 9 : I'l (B O-i ^ 1'2 (B (^2 cannot be lifted in general to 
an isomorphism between the two groups in ( P^ . One of the reasons for this is that it 
migth not map the kernel of the exponential map for L[Ai to the one of the exponential 
map for L2A2- Nevertheless there exist two discrete subgroups Aj of Z{L'- Ai) containing 
(L'-Ai) n Hf^ such that the factor groups (L^ Ai)/Ai are isomorphic (as abstract groups 
only). We will consider the minimal such groups Aj. Explicitly they are given by 



A, = ( exp, o e-^^ o exp3-_Vz(L'3„J^3-^ n Hti)) {Z{L',)Ai n i/° 
where = (—1)*, i = 1,2. The corresponding isomorphism will be denoted by : 

G : (L;^i)/Ai ^ (L'2A2)/A2. (3.16) 

Clearly the groups Aj consist of semisimple elements of L'-Ai. Thus the restrictions of the 
projections L'-Ai — > (-^j^i)/Aj to any unipotent subgroup of L'-Ai are one to one. 

Remark 3.7 Note that the groups Aj might have in general some accumulation points 
and then (L'- Ai)/Ai will not have structure of differential manifolds. In Sect. 3.2.1 and 
Sect. 4 we will assume that the r-matrix, we start with, is such that this does not happen. 
In Sect. 5 the full generality will be assumed. It brings the inconvenience that is not 
a closed subgroup of G x G, but this will not be essential for the proofs there. 

Let 

p± : G± ^ (Li,2 ^i,2)/Ai,2 
denote the compositions of the projection maps 

G± ^ G±/M± ^ (L;_2 ^i,2)/((^'i,2 ^1,2) n H'^^^)) ^ (L;,2 ^1,2)/Al,2. 

Their differentials at the origin are equal to the maps p± : 0± ^ 5±/iti± introduced in 
Sect. 2. 
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Remark 3.8 If the Poisson structure on G comes from an r-matrix r satisfying g+ D f) 



(see Example 3^ ) , then the groups G± are the full parabolic subgroups P± of G, M± are 
their unipotent radicals and are their Levi factors Li2- {H°^2 ^^^^ trivial.) 

The groups Ai^2 are generally nontrivial even if P± = B± and Lj = H. 

Example 3.9 The standard Poisson structure on a semisimple Lie group G is the inte- 



gration of the standard Lie bialgebra structure on g = Lie(G) reviewed in Example 3.5 . 
In this case G± = B±, M± = N± where N± are the unipotent radicals of the Borel sub- 
groups B±. The groups L'^ 2' ^1^2 trivial and Ai^2 = H. There is no need to introduce 
additional groups Aj and the Cayley transform Q : H ^ H acts as G(/i) = /i^^. 

Example 3.10 The groups Lj for the Cremmer-Gervais Poisson structure on SL{n + 1) 
(see Example |3.6D are 



Li = {diag(A, {(ietA)-^)\A e GL{n)} ^ GL{n), 
L2 = {diag((det^)-\ G GL{n)} ^ GL{n). 

G± are the parabolic subgroups of SL[n + 1) containing B± with Levi factors Li^2 respec- 
tively. The map : li — > [2 lifts to B : Li ^ L2 : 

e(diag(^,(det^)~i)) = diag((det 

so Aj are trivial. 

3.2.1 The double D(G+) 



Combining the results from Subsect. 2.2 and eq. (p. 15 ), we see that we can choose as a 



double Poisson-Lie group D(G_|_) of G+ the following group 

D(G+) :=Gx ((L;Ai)/Ai). (3.17) 

The groups G+ and G„ are embedded in it by 

i+{x) = (2;,p+(x)), X G G+, (3.18) 
i_(y) = (y,e-iop_(x)), yGG_ (3.19) 



(cf. Proposition 2^). The group ( |3.17D is also a double of G_, but the corresponding 
Poisson bivector field is opposite to the one for D(G+) since g_ = 0+°^. 

3.2.2 The double D(G) 

The results from Subsect. 2.1 imply that the double Poisson-Lie group D(G) of G can be 
chosen as 

D(G) := G X G. 

G is embedded in it diagonally: 

d: G^GxG, d{g) = {g,g), for 5 G G. 
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Its image will be denoted by d{G). The connected subgroup of G x G with Lie algebra 3^ 
will be denoted by (see Propositions 2A and 2/1). It plays the role of opposite dual 
Poisson~Lie group of G (see Theorem |1.9|) and is explicitly given by 



:= {{g+,g-) I g+ e G+, G G_, and 9 o pi(g+) = V-{9-)} ■ (3-20) 

Because of Proposition ^]2| we need only to prove that the group in (l3.20D is connected. 
Consider its identity component {G^)° and define Aj C L'-Ai by 

Ai = {xeL[Ai\{x,e) G {G^}, i = 1,2. 

The following map is an isomorphism from {L'-^Ai)/Ai to (L2^2)/A-2 : 

hAi ^ I2A2, i^h G L'iA, and (h^h) G (G")°- 

It is correctly defined since L[Ai is connected. Besides this Aj D {L'-Ai) H because 
H°^^ X e and e x -ff™* are subgroups of {G^')°. From the minimality property of Aj we get 
A, = A, which imphes G'' = {G'')°. 

3.3 Induction on factorizable complex reductive Lie bialgebras and 
Poisson— Lie groups 

As in Subsect. 3.1 we will assume that g is a complex reductive Lie bialgebra with an 
r matrix as in (|3.2| ) associated to the Belavin-Drinfeld triple (ri,r2,T). Recall that the 
nilpotency condition for the map r states that for each 7 G Fi there exists an integer n{'y), 
such that t"(^) G F2\Fi. Denote 

ord(T) = max^gri"'(7)- 

We will canonically construct a chain of complex reductive factorizable Lie bialgebras 
gC^) [k = 0, . . . , ord(T)) associated to Belavin-Drinfeld triples (F^*^-*, Fj^^ r^'^^) such that 
g^^^ = g as Lie bialgebras and 

ord(r('')) = ord(T) - k. 
Recall that D(g+) = g © (['^^ ai) and g+ and g_ are embedded in it via the maps i± 



(pljD - (|2.10D . Let d be the subalgebra of g © (['1 © ai) defined by 

c) = [2 © ((['1 © ai) n [2) = [2 © ((['1 n (2) © ai). (3.21) 

It is clear that the restriction of the standard bilinear form of D(g_|_) (see the proof of 
Proposition |2.3| ) to d is nondegenerate. Define 

gW = (([; n b) e ai) + (f)r* + n^+^) C g+, (3.22) 

= (0([; n [2) © a2) + + n^'^) C g_ (3.23) 

where n^^\ n^^ are the nilpotent subalgebras of [2 spanned by the root spaces of positive 
/ negative roots of [2 that are not roots of I'l n ['2, 9{ii H I2). 
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The images i±{9±^) of under the inclusions i± (see ( |2.9| )-( ^!To| )) are isotropic subal- 
gebras of with trivial intersection since the same is true for the full images i±(0±) as sub- 
algebras of D (5+). Taking into account dimD = 2dimg2^ we get that (t), i_|_(0^''), 

is a Manin triple. This induces Lie bialgebra structures on and d such that d = D{g^^). 
One easily checks that the second term of t) in (3.21) is a Lie bialgebra ideal of 0. The 
factor of d by it is isomorphic to (2 as a Lie algebra which induces a Lie bialgebra structure 
on [2. Set 

Define the subsets T^^^ and r2^^ of r2 by 

r^') = rinr2, 
r« = r(rinr2), 



and let 

r 



(^):=r|,a): r«^r«. (3.24) 
^ 1 

The definition of the Lie bialgebra structure on g^^^ as a quotient of the double d (|3.2lJ ) 
implies that it comes from the r-matrix 



r^-'=ro+ ^ X-a®Xa+ ^ X-aAXp (3.25) 



.(1) 

— ' U I 

aGA2+ a,/3GA2+,a</3 

where A2+ denotes the set of positive roots of [2 and < is the restriction of the initial 
partial ordering of A_|_ to A2+ (see Theorem 3.2). The Belavin-Drinfeld triple associated 
to the r-matrix r(i) is (r^^\ r[^\ r(^)). The images of the corresponding homomorphisms 
: (s*-^-*)* Q^^^ are exactly the Lie bialgebras g^^^ and g^}\ From ( p. 24 ) it is clear that 

ord(r(^)) = ord(r) - 1. 

Repeatedly applying this construction, one builds a sequence g^^^ = g, g^^\ g(°^''^'^) 
of reductive factorizable Lie bialgebras with the stated property. 

The Lie bialgebra g(°'''^'^) obtained at the end is the Cartan subalgebra f} of g with 
trivial Lie cobracket (since it is an abelian coboundary bialgebra). Besides this gf^'^'^^^ and 
are given by 

D(0(™d-)) = f, e (([; e ai) n d) = d e ((i; n t)) e ai) . 

On the group level, one constructs a chain of connected complex reductive Poisson-Lie 
groups G(°) = G, G(^), . . . , G^™'^^) = H. As a Lie group G^^) is just L2 and are given 
by 

g£) = (l«A«) (//?:2* . iv£)) , (3.26) 

where L^i \ L^2^, \ and A'^'^ denote the connected subgroups of G with Lie algebras 
l[ n [2, 0{l[ n ['2), (['1 032) © ai, and 6{l[ 1132) © a2- are the unipotent subgroups of G 
with Lie algebras x\^^ . 
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The corresponding groups Mj_ C Gj_ (see Subsect. 3.2) are the second factors in 
these formulas. 

On Lie algebra level the Cayley transform 9^^^ : Lie(L^"'^'' A^'^) Lie(L2^^ ^2^^) is the 
restriction of 9 to the subspace Lie(L[^^ ^1^^) = (['i®cii)n[2 of [[(Bai. Since Aj are subgroups 
of Z{L'. A,) C H they sit inside if ^ ^ and 6^(1) can be lifted to an isomorphism 

e(^) : (L« A?)/ A, ^ (4^) A«)/A2. 
The double D(G3^) can be taken as 

D(g2)) := X {if^ ^S^VAi)- (3.27) 
It is naturally a subgroup of G x (Li Ai/Ai) and the embeddings 



(1) 



are simply the restrictions of the embeddings i± (see ( 3.18 )-( 3.19D ) to Gj. 
The last object is 

Q(ordT) _ ^ 

and 

At each step of the described procedure there is a second canonical way of constructing 
a Lie bialgebra Q^^^ from q^, having the stated property. Restricting to the first step 
{k = 0), define g^^) = li, 

5« = (9-Hi', n h) e 01) + (fjf + 9-\n^^^)), 
3« = (['2n(ieo2) + (f)r + ^"'(nS'^)), 

and induce Lie bialgebra structure on g^-"^) using the subalgebra [i®(([2 0a2)n[i) of D(g+). 
This structure comes from an r-matrix as in ( |3.25| ) with sums over the roots of I'l insted 
of The two choices for Lie bialgebras g*-^-* are isomorphic if are trivial, but seem to 
be slightly different in general. 



4 Symplectic leaves in 

Subsect. 4.1 is devoted to the description of the set of i+(G+) double cosets of D(G+), 
while Subsect. 4.2 studies the discrete subgroup z_(G_) n «+(G+) of D(G+). In the last 
Subsection these results are combined with Theorem |1.10| to describe the set of symplectic 
leaves of G_ . 

4.1 Double cosets of i+(G'+) in D(G+) 
Denote the double coset of the element 

(5,0 gGx ((l;^i)/Ai) ^D(G+) 
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[{g,l)]=z+iG+)ig,l)i+{G+). 
Since L[ Ai C G+, for all g eG,l e L[ Ai 

[{g,P+m] = [{l-'gj)] and [{g,b+m = V/ G L[A^. (4.1) 

The following Proposition illustrates the problem of classifying double cosets. 

Proposition 4.1 The z+(G+) double cosets o/D(G+) are in one to one correspondence 
with the conjugation orbits of G+ in G / {Ki Mj^). 

Recall that M4. is a normal subgroup of G+ and Ai € Z{Li), so the conjugation action of 
G+ on G indeed can be pushed down to the the homogeneous space G/A1M+. Note also 
that this action can equivalently be described as the action of (L'^ Ai) on G/(Ai Af+) 
where the first factor acts by conjugation and the second one by left multiplication. 



Proof of Proposition ^.1. By a straightforward computation for any g (z G 

[(5,e)] = {(mY5/'W,p+(r)p+(/"))|/',r'GL;Ai, m',m"GM+} 

= {{m'l'g{l'y^m"k,^+{k))\l\k e L'^Ai, m' ,m" e M+] . (4.2) 

The second expression is obtained from the first by letting I'l" = k ^ L'^ Ai and expressing 
I" in terms of /' and k. We also used the fact that M+ is a normal subgroup of G+. 

To the G+ conjugation orbit of (^(Ai M+) we associate the double coset [((7, e)]. Eq. 
(|4.2D shows that this map is defined correctly. It is onto since each double coset of D(G+) 



is equal to a coset [(5,e)] for some 5 € G, because of (4T). To show that it is injective 
assume that [(51, e)] = [(5(2,6)]. If 

{m\l'Ml[)-^m'ik^,v+{ki)) = {m'^l'^g2il'2)-'m'^k2,p+ik2)) 

is an elment of this double coset (the notation is as in (W^) then ki (^2)"^ € Ai. The first 



components give immediately that the G+ orbits of gi AiM_|_ and g2 AiM+ coincide. □ 



In the special case of an r-matrix r for which g+ D f) (see Remark |3.8| ), Proposition 4T 
is about the conjugation action of the parabolic subgroup P-f of G on G/(AiA^+), where 
is its unipotent radical. 

4.1.1 Relation to double cosets in G and the Bruhat Lemma 

Let 

n : D(G+) ^ G X {{L[ ^i)/Ai) ^ G. (4.3) 
be the projection map on the first component of D(G+). It is clear that 

n([(5, i)]) = G+gG+, yg £ G, I e L'^ Ai (4.4) 

which connects i+(G+) double cosets in D(G+) with G+ double cosets in G. 

The group G+ differs from the parabolic subgroup P+ of G just on a part of the 
maximal torus H (see ( 3. 14]) ). This makes the description of the G+ double cosets of G 



an easy consequence from the one for P+ double cosets. The latter is given by the Bruhat 
Lemma. 

For any element w & W we will denote with w a representative of it in the normalizer 
N{H) of H in G. The conjugation and the adjoint actions of ti; on G and g will be denoted 
by Ad^^. 
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Lemma 4.2 (Bruhat) Let Pi and P2 be two parabolic subgroups of G, each of which 
contains one of the Borel subgroups or If Wi^2 denote the Weyl groups of their 
Levi factors Li^2 {naturally embedded in W) then 

G = UP1WP2, (4.5) 

with w running over a set of representatives in W of all cosets from Wi\W/W2- 

After commuting w with the part Z[L2)° of the torus II C P2, one gets 

G = lAPiw{L'2 K N2) 

where N2 is the unipotent radical of P2 and the disjoint union is over the same subset of 
W as in (I^Sp . 

The standard length function on W will be denoted by /(.). In the following Lemma we 
collect some facts for minimal length representatives of double cosets of the Weyl group 
W which will be needed later. 



Lemma 4.3 In the notation of Lemma ^.i.' 



1. Each double coset from Wi\W /W2 has a unique representative w ^ W of minimal 
length. It can be equivalently described as the representative w of the coset for which: 

(*) For all positive roots a o/Lie(Li) and (5 o/Lie(L2), w~^{a) and w{(3) are positive 
roots of Q. 

For any such w ^W, V" = Lie(Li) n w~^(Lie(L2)) is a reductive subalgebra of g generated 
by \j and root spaces of simple roots of q. Its Weyl group will be denoted by W^. 

2. Any element u G W can be uniquely represented as 

u = W1WW2 (4-6) 

with w, vui being minimal length representatives in W, Wi of cosets from Wi\W/W2, 
WxjW™ and W2 G W2. Its length is given by 

liu) = l{wi) + l{w) + l{w2). (4.7) 

3. Let P3 be a parabolic subgroup of G such that B± C P3 C Pi and W3 be the Weyl 
group of its Levi factor. Then the set of minimal length representatives in W for the 
cosets from W3\W/W2 consists of the elements u (z W whose representation from part 2 
has W2 = id and wi - minimal length representative inW of a coset from W3\Wi/W^ . 

Proof. In the case of Pi = P± (i.e. Wi trivial) the Lemma is proved in Propo- 
sition 1.10. We will use this fact and will refer to it as the single coset version of the 
Lemma. 

Parts 1 and 2: Fix a coset from Wi\W/W2. Chose a representative w of it in W 
having the property (*). Any minimal length representative wq of the double coset has 
this property since otherwise l{siU)o) < l{wo) or l{woS2) < l{wo) for some simple reflections 
Si eWi,i = 1,2. 

It is clear that any element u E W1WW2 can be represented in the form ( [4.6[ ) with 
Wi G Wi as in part 2 of the Lemma. We will show the uniqueness of this representation 
and prove (W^- The latter implies the statement of part 1. 
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Since wi G Wi is the minimal length representative of a coset from Wi/W^, it has 
the property that wi{a) is a positive root of Lie(Li) for any positive root a of ["'. This 
combined with the definition of w implies that wiw is a minimal length representative in 
W of the coset wi'wW2. (Here we also use the fact that wi maps positive roots of g that 
are not roots of Lie(Li) into positive roots of g.) The single coset version of the Lemma 
applied to the coset W1WW2 implies that W2 is determined uniquely from u and therefore 
so is wi. 

The single coset version of (p7|) for the cosets W1WW2 E W/W2 and wiW^ G Wi/W^ 
with minimal representatives wiw and wi gives 

l{wiww2) = l{wiw) + 1(102) 
l{'Wiw) = l{wi) + l{w) 



which together imply (4.7). 

Part 3: Part 1 implies that the elements of W listed in part 3 are minimal length 
representatives for cosets from Wi\VF/W2- In the opposite direction, any minimal repre- 
sentative u = t(;iwt(;2 G W written as in part 2 should have 11^2 = id and wi{a) should be 
positive root of Lie(Li) for any positive root a of This implies the stated property of 
W2- □ 

For the given r-matrix denote with Wi^2 the Weyl groups of the Levi factors Li^2 of 
P±. The Bruhat Lemma and ( [4.4[) imply that any z_(_(G+) double coset in D(G+) is equal 
to a coset [{hw, I)] for some h (z H, I [L'^ Ai)/ Ki and w - minimal length representative 



in of a double coset from Wi\VF/Wi. Taking into account (O) we obtain: 



Lemma 4.4 Each G+ double coset ofD{G) coincides with one of the cosets [{lw,e)] for 
w - minimal representative inW of a coset from Wi\W /Wi and I G Li. 

4.1.2 Main result 

Let V C W denotes the set of minimal length representatives of the cosets from W/Wi. 



According to Lemma [4.3| , each such coset has a unique representative in V. 

For an element v G V denote by g" the largest Lie subalgebra of [1 that is stable under 
Adi,. It does not depend on the choice of representative of v in N{H) and can also be 
defined by: 

0^ = span{/i, 0" I for the roots a of [1 such that v"'{a) is a root of li V integer n}. (4.8) 

The minimality condition on v guarantees that is a reductive Lie subalgebra of 3, 
generated by the Cartan subalgebra f) and root spaces of simple roots of g. This follows 
from the fact that for any positive root a of li, v{a) is a positive root of g (cf. Lemma 
^^ ). Denote with the reductive subgroup of G with Lie algebra g^ and with W" its 
Weyl group. Clearly G'" is stable under Adi,. 

The definition of g" combined with the minimality property of v implies that for any 
positive root a of g^, v{a) is again a positive root of g"", and thus so is v~^{a). From part 1 
of Lemma |4.3| it follows that any v gV is the minimal length representative of the double 
coset WvWi. 
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The fact that Ad^, preserves G" imphes that it also preserves its derived group {G")' 
and the identity component of its center Z{G^)° . Thus we can define an action of {G")' 
on itself by 

TCiU) = g-^f^Ug), g,f^ {G")' (4.9) 

which will be called twisted conjugation action. 

The fact that Ai is a subgroup of Z{L'^Ai) C H implies Ai C G" . Let A^ be the 
subgroup of {G^y x Z(G")° which is the inverse image of Ai under the multiplication map 

(G^' X Z{GY ^G"" = {G'^yZiGY- 

Note that A^ C x Z(C)°) and that each element of Ai has finitely many preimages 

in A\ (more precisely # (G^' n Z(G^)°). 

Denote by the connected subgroup of G"" with Lie algebra g'' n (('^^ © ai). Let 
Cong''(L'') be the subgroup of the abelian group Z{G'")° defined by 

Cong^(L'') = {h~^Adi,{h)\h G Z(L7°}. 

H°^^ and Adi,{H°'^^) are also subgroups of Z{G'")° since by the definition of H°'^^, 
i/f* C Z{Li)°. 

Theorem 4.5 The double cosets of D(G+) are classified by a minimal length 

representative v in W of a coset from W/Wi, an orbit of the twisted conjugation action 
( f4.9D of {G^y on itself, and an element of the abelian group 

Z{G^y / {Cong" [L^) HI'' Ad^(//f*)). (4.10) 

For a fixed v this data has to be taken modulo the multiplication action of 
A\ c Z((G7' X Z(G^)°). 

The dimension of the coset corresponding to the orbit through f G (C)' is: 

dim 0+ - dim f)^ + dim( i; © ai ) - dim f + / (t;) + TCf^,, y (/) + dim Cong^ {L'" ) * Ad^ {Hl'^). 

(4.11) 

[The described data corresponding to different choices of a representative in N(H) of a 
fixed element v € W can be canonically identified.) 

Proof. In the previous Subsection we showed that any i+(G+) double coset of D(G+) is 
equal to a coset [{Iw, e))] for some I G Li and w minimal length representative in of a 
coset from 

Based on the elements / and w we will define a sequence of reductive Lie subalgebras 
of Q, elements g'^ G g'^, and w'' e W {k > 1). It starts with = li and g^ = I, = w. 
The sequence will have the property that g^ and 

g'^ = Ad(^.-i...^i)(0^) (4.12) 

are reductive subalgebras of g^~^ C containing the Cartan subalgebra [) and generated 
by root spaces corresponding to simple roots of g. If W and W are their Weyl groups 
considered as subgroups of W^^'^ C W, will have the property that it is representative 
of minimal length of a coset from W^\W^~^ /W . 
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If Ad^^fc ^1-) does not preserve define q^^^ by 



s'=+i=5'=nAd-J, ^,^(0^). (4.13) 



The minimality property of implies that . . .w^ is the minimal length representative 
of a coset from VF*''\VF/M^^ (see part 3 of Lemma L3) and therefore for any positive root 
a of Q^, {w^ . . . 'w^){a) and {w^ . . . w^)~'^{a) are positive roots of g. From this we get that 
both 0*^+^ and g''^^ = Ad(-.^fc ^1-1(0'^+-^) are generated by f) and root spaces of simple roots 
of 0. 

Let n^"*"^ and n^^^ be the two nilpotent subalgebras of 0^^ spanned by the root spaces 
of positive roots of 0^ that are not roots of 0^^^^ and 0*^"''^ respectively. 

The connected subgroups of G with Lie algebras 0^"*"^, o*^"*"^, n^^^, and n^"^^ will be 

denoted by G^'+\ , A^^+S and . They give rise to two parabolic subgroups 

C'^+i X Ar^+^ and g''^^ x n'^'^ of G'^. To define recursively g'''^^ and w'''^^ from g'' and 
w'^ we apply the Bruhat Lemma for the above parabolic subgroups of G^. We get that 
gk g Qk gg^j^ represented as 

= n'g'w''+^g"n" (4.14) 
for some w^^^ € that is the representative of minimal length of a coset from 

the defining relation for Wk^i and g^'^^ is defined by 

9'^'={Ad-^.,,,^,^{gT')9'- (4.15) 

Clearly the described process continues for finitely many steps k = 1,. . . ,K and at the 
end 

Ad(^K.„^i)(0^)=0^ = 0^. (4.16) 
Again due to part 3 of Lemma [4.3| the minimality properties of it;^, . . . , add up to 

V := {w^ ...w^) eV. (4.17) 

Further we will use the representative v = . . .w^ of v in N{H). 
Observe that 

= • 

Indeed, in view of (4.16) it is sufficient to prove that 0*^ C 0''^. One proves by induction 
that 0" C 0*^ for k = 1, . . . ,K. The step from k to k + 1 follows from the definition ( 4.13| ) 
of 0^=+^ and the fact that {w^ . . . w^+^) G W^+^. 
Thus we have = = (G^)' Z(G^)° and let 

g^ = f^c"" (4.18) 

for some G {G"")' and € Z{G'")° defined uniquely modulo multiplication of 
and division of by an element of the finite group (G^)' fl Z{G^)°. The statement from 
Theorem 4^ about the set of i_|_(G+) double cosets follows from the following two Lemmas. 
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Lemma 4.6 In the above notation [{lw,e)] = [{g^v,e)] and two double cosets as the one 
in the right hand side coincide if and only if they are related to one and the same v & V, 
the twisted conjugation orbits TCJ^Q^y{f^) that correspond to them and the images of the 

their elements c^ in the factor group (4.10) are equal modulo the multiplication action of 
Al on {G")' X 



For Theorem 4.5 we associate to the double coset [{lw,e)] = [{g^v,e)] the TC^ orbit 



of f^ and the image of in the abehan factor group ( ^l0|) (recall eq. (p^ )) 



Lemma 4.7 Any element of V can be obtained in a unique way as a product {w^ . . . w^) 
through the described iterative procedure. 

We will need some more notation: let denote the nilpotent subalgebras of Q^~^ 
spanned by root spaces of negative roots of g'^^^ that are not roots of g^. For convenience 
we set 0° = and define and for A; = 1 also. 

Let also l'^ = g'^ fl (li © Oi) and denote by L'^ the corresponding connected subgroup of 
G. Note that = . 



Proof of Lemma ^.t. Our strategy in dealing with the double coset [{lw,e)\ = [{g^w^,e)\ 
is to commute the right factor i(G+) with ri; = zi;^, splitting it according to how the result 
is related to the left factor ij^{Gj^). Then we continue inductively, following the described 
procedure. Note that = ['^ © oi and m+ admit the following decompositions as direct 
sum of linear spaces, each term of which is a Lie subalgebra: 

I' = ([1 n Ad^Kn^)) + ([^ n AdTi(0i)) + (li n Ad^^nM) , (4.19) 
m+ = (n^ n Ad^Kn^)) + (m+ n Ad^.^fl')) + (n^ n Ad^,i(ni)) . (4.20) 

These formulas imply that the product 



n Ad^i(ivl)) [K n AdTl(iv|)j (Li n AdTi(Gi)j (^au n AdTi(Gi) 

X n Ad. 1{N^_)) (nI n AdTi(iVl)) (4.21) 



is a dense, open subset of G+, because the linear span of the Lie algebras of all factors is 
0+. Although n^^ = n\{= n+) and N_^_ = A^+(= -/V+), we use both notations since this is 

how the groups / appear at the next steps k >2. 

From this it follows that the double coset [{Iw, e)] = [{g^ib^, e)] of D(G+) has a dense, 
open subset consisting of elements of the form 

(m'/Vu;i/>';Cm:rn':,p+(r)p+(/^)p+(C)p+(r)) (4.22) 



for some arbitrary elements , , m", l'!_, and n"_ of the groups of the product ( 4.21 ) 
(taken in the same order). Note that after commuting the terms and with in 
the first component, they will be absorbed by the term m' G M_|_. 
The group by itself has a dense, open subset 

(Li n Ad^.^ATl)) (Li n Ad^KG^)) (L^ n Ad^KA^i)) 
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If the term /' from ( 4.22 ) is taken in it, after some manipulations one shows that the coset 
[{g^w^,e)] has the following dense, open subset 

(iV|,e) ((id,p+)(iV!)) (e,p+(iV^)) X 

X [m''Nl,e) ((id,p+)(L2)) (^1,6) ((Ad^i,p+)(L2)) (iv'+Ad^. (1/^ ), e) x 
X ((id,p+Ad^i)(Ad^i(Li)niVl)) (Ad^i(]V+)niVl,e) (u;\e). (4.23) 

Here for a subgroup Ri of R2, and two endomorphisms ui, C72 of i?25 (ci, o'2)(-Ri) 
denotes the image of the composition of the diagonal embedding of Ri in R2 x R2 composed 

with 0"! X fT2. 

An important point in the derivation of formula ( 4.23| ) is that H°^^ commutes with 

= L'lAi (see ( |3.5| )) and thus with N"^ C L^. Later this will be used for all groups 
N'l C L"", k = 2,...,K. 

Note that Ai C Z{L[Ai) C H implies Ai C L'^ (V/c). The product on the second 
line of (lO^ ) is the double - left {Hf^NDh"^ and right Ad^i(L2) (iV+Ad^i (//f *)) coset 
of (5^,e) in x (L^/Ai) where the two groups are embedded in x (L^/Ai) as it is 
shown in the formula. Using the representation ( [4.14 ) of and ( [4.lD one easily shows 
that [{g'^w'^^e)] = [{g'^w'^^e)] and procceeds by induction on k. 

This procedure proves that [{Iw^e)] = [{g^v,e)] (recall ( 4.17] )). To prove the rest of 
Lemma E^, let us rearrange the coset from the last step similarly to 



F^iVf ,e) ((id,p+)(L^)) (5^,e) ((Ad,, p+)(L^)) (<Ad,(Fr*), e) (4.24) 
= (a^^ ,e) ((id,p+)(L^)) (rci„,^o..,^o.t(5^),e) (4.25) 

where we used that 77+ = A^f normalizes G^ = G^ . The action TC" of x H^""^ x iJf * 
on is defined by 

TCl^h',h"){9) = h'r^gAdi,{lh"), for 5 G G^ / G L^ /i', /i" G H'^'\ (4.26) 

In ( p5D the term ^(i^f* L^) is replaced by i+{Hf'^)i+{L^) and (Ad^, xid)(i_(L^ Ff*)) 
by (Adi, X id)(i_(L^)i_(iJf *)). (The intersection * n = ifj"'* n L[Ai is nontrivial 
in general.) 

In the case when H°'^2 trivial, the action ( 4.26 ) gives a simpler classification of the 
z+(G+) double cosets (see Corollary |4.8|). 

Using the decomposition (^.18| ) of g^ the middle set in ( [4.25| ) can be rewritten as 

Tci.^Hr>^Hri9'') = TG^G^f^) i^" Cong^(L^)Fr*Ad,(//r))- (4-27) 

The inductive argument shows that the coset [{Iw, e)] has the following dense, open 
subset: 

K 

A^i,e)(n£^')((id,P+)(L^; 

k=2 
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X 



1 

n fAIw"" ...w\e). (4.28) 



A:=A'-l 

where the subsets and of G are defined by 

i?fc= ((id,p+)(iV^)) (iV^ X p+(iV^)) 

and 

Ffc = ((Ad(^x...^.),Ad(^K...^fe+i)P+)(L'=nAd^l(iV^))) X 

X ( Ad(^K ...^.+1 ) ( Ad^. (¥+ ) n A^^ ) , e) . 

The order of the factors in the first product in ( [4.28| ) is A; = 2, . . . , X and in the second 
one is A; = -fC — 1, . . . , 1. 

Note that Adu,i(n+) fl nL and Adti;i([^) n nl are subalgebras of nl and thus do not 
intersect n\. and q^. Using this, the fact that p± are one to one on any unipotent subgroup 
of L'^ 2 ^1,2) cind the Bruhat Lemma we see that if two subsets of G of the type ( 4.23| ) are 



equal, then they are related to one and the same & W and the corresponding double 
cosets of X (L^/Ai) (on line two) coinside. To finish the proof of Lemma f4.6| , assume 
that two double cosets of the type [{g^v, e)] obtained from described procedure coincide. 
Then their dense, open subsets from ( [4.23[ ) will have nontrivial intersection. Using the 
above argument repeatedly we get that the two cosets are related to one and the same 
elements , . . . , £ W (and thus the same v £ V) and the corresponding to them 

orbits TGi^v^fjoit^f^oTt{g^) in G" coincide. The last is equivalent to saying that the orbits 
TC'^Q^y{f^) corresponding to the two double cosets and the images of in the factor 
group ( [4.10| ) are equal modulo the multiplication action of A^' on (G^)' x Z[G'"Y . □ 

Proof of Lemma |^. T[ . Let be an arbitrary element of V. Decompose it as = v^w^v} 
with € Wi and the minimal length representative in W of the double cosets 

WivWi. Since is minimal length representative of a coset from W/Wi, using part 3 of 



Lemma 4.3 we get that ui is the identity element of Wi. Define two reductive Lie subal- 

72 



gebras and of g^ by ( 4.13| ), ( [4.12|) with k = 1 and let W"^, W be the corresponding 



subgroups of W. The minimality property of implies that for any positive root of 
g-^, v{a^) is a positive root of g. This means that for any positive root of g^, f^(a^) 
is a positive root of g^. Therefore is minimal length representative in of a coset 
in W^/w'^. Continuing by induction we define w'^, , q^, , W^, . At some step 
/c = if + 1 we will have g'^"'"^ = g^'^^ which is the same as = Ad(^if ^i)(g'^). As in 
the proof of Lemma |4.6| set 



and then 



v° = v^v. (4.29) 
We already proved that g^ = g^. From ( 4.29| ) it follows that g'"" = g^, so both v and 



have the property that they are minimal length representatives of one and the same 
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coset from W^\W/W^. The uniqueness of minimal length representative implies v'^ = v 
(see part 1 of Lemma Comparing this procedure with the one from the beginning of 
the proof of Theorem [4.5| completes the proof of the existence part of Lemma 4^. The 
uniqueness part is obtained by repatedly applying part 1 of Lemma |4.3|. □ 



Proof of formula ( 4.11 ). The double coset [{g^v,e)] can be considered as an orbit of 
an action of the 2dimg_|_ dimensional group G-^- x Gj^ on D(G_|_). At the fc-th step the set 

(NlnAdr^liNl),e) 

coming from the second factor is annihilated {k = 1, . . . , K — 1). Its dimension is 

dimn+ - dimn^+^ -l{w^). 

Using part 2 of Lemma |4.3| we obtain that the sum of the dimensions of the annihilated 
sets is 

K 

dimn+ — ^ liw'^) = dimn+ — l{v). 

k=l 

At the end one needs to subtract also the dimension of the stabilizer of of the action 

TC of X (H°^^)^^. Passing to dimensions of orbits and using formula ( [4.27| ) we see 
that 

dim Stab—* (5^) = dimf + 2dimf)f* - TCf^.y{f^) - dim(Cong^(L^) HI'' Ady{H°'')). 

Formula (|4.11| ) is obtained by combining the above results with the fact that two elements 
of the set ( [4.28| ) are equal if and only if they have equal terms in each factor of the product. 

□ 



Identification of the data of Theorem \4-^ corresponding to different choices of a repre- 
sentative of V (zV in N{H): If v and i; are two different representative of v € F in N{H) 
then 

ij = hit, for some h (z H, 

since the centralizer of a maximal torus in a complex reductive group coincides with the 
torus. Let h = h'"h° for some h" G {G'")' and h° G Z{G'")° . A direct computation shows 
that the right multiplication by h" in {G^)' maps TC^ orbits to TC^ orbits: 

TC\gh'') = TC\g) h\ for ah g G\ 

Since A^ is in the center of {G"")' x Z(G'")° the right multiplication of h" on the first 
component of (C)' x Z{G^)° commutes with the regular action of A^ This identifies the 
data in Theorem |4.5| corresponding to two different choices of representatives v and v of 
V in N{H). □ 

Corollary 4.8 // the Poisson structure on G comes from an r-matrix r for which g+ D I), 
the double cosets o/D(G+) are classified by a minimal length representative v of 
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a coset in W/Wi and an orbit of the twisted conjugation action of on G^/Ai defined 
by ^ 

TClif) = g-^fM,{g)- g £ G\ f £ G^A,. (4.30) 

The dimension of the coset corresponding to the TG orbit through f G G'"/Ai is 

dimg+ + dim h - dim f + l{v) + rC7^„(/). (4.31) 

The action ( 4.30 ) is the push down of the twisted conjugation action ( ^.26| ) of G'" on 
itself to the factor group G"" /Ai. It is correctly defined since Ai C Z{G'"). 

Proof. In the considered case the groups H°^2 trivial and = G"" (see Remark 
^^ ). The statement follows directly from the proof of Theorem 4.5, in particular ( 4.25| ). 

□ 

Example 4.9 The simplest coset in W/Wi is Wi, whose minimal length representative 
in W is the identity element id of W. In this example we discuss the i+ (G+ ) double cosets 
corresponding to it. We will assume that id is represented in N{H) by the identity element 
e of G. The group U'^ is simply L'^ Ai and for any coset of this type the inductive procedure 
of the proof of Theorem [4.5| has only one step, i.e. K = l.ln the product ( [4.21 ) all groups 
except the second, the third, and the forth are trivial. Besides this the full group G+ is 
represented as 

G+ = iV+(LUi)H-\ 

not just a dense subset of it. (This is nothing but ( p. 141 ).) The expression ( 4.2^ ) reduces 
to: 

[(/c,e)] = (iV+,e) ((id,p+)(L'iAi)) (rC72, (/) {cHl^^e) (4.32) 

for all / S L'^ and c € Z[Li)° . The action TG^ is the usual conjugation action of L'^ on 
itself 

TG!if) = l''fl, iJeL',. 

Note also that Cong'"^ {U'^) Hf'^ Ade{Hf'^) = Hf\ 

The subgroup A'^^ of L[ x Z{Li)° is the pull back of Ai under the map L[ x Z{Li)° — > 

l;z(Li)° = Li. 

Thus the cosets corresponding to id € y are classified by the conjugation orbits on 
L'^ and the elements of the abelian group Z{Li)°/H°^^ taken modulo the multiplication 
action of A^^^ on L[ x Z{Li)°. 

The dimension of the coset ( |4.32[ ) is 

dim(0+)+dim(rC2,(/)) 
which follows from ( [4.11 ) after some cancellations. 



Example 4.10 Consider the case of the standard Poisson structure on a semisimple Lie 



group G (see Examples 3^ and [3^ 

The groups Wi^2 are trivial, so W/Wi = W. Any i+(i?+) double coset of D{B^) = 
G X H is equal to a coset of the type [{hw, e)], with w G W, h G H. For all w G W the 
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procedure from the proof of Theorem 4^ again has only one step and U" = H. All groups 
in the product ( |4.21| ) except the second, the third, and the sixth are trivial and it reduces 
to 

= n AdTi(Ar+)) H n AdTi(iV_)). 

Since the full group G+ = i?+ is represented in this way, using (|4.28D we can get an explicit 
expression for any double coset of D(i?-(_) : 

[{hw,e)] = {N+,e)d{H){hCong'"{H),e){Ad^{N+)nN^,e){w,e),yw £ W, h £ H (4.33) 

where 

Cong'"(i/) = {{h')-^Ad^{h')\ h' G H} 
and d{H) is the image of the diagonal embedding oi H va. G x H. The set hCong^ (H) is 
the TGfj orbit through h from Corollary WM. The general twisted conjugation orbits in 



Theorem [4.5| and Corollary |4.8| can be considered as nonabelian analogs of this action. 
The different cosets ( 4.33| ) are classified by the elements w of the Weyl group and of 

r(jrj 

the abelian group H/Cong^{H) (or equivalently the orbits of the TC action of H on 
itself). According to Theorem |1.10| this data classifies the symplectic leaves of i^{B^) /H. 
Both (0|) and (OTI) give 



dim[(/itt), e)] = dim b+ + l{w) + dim(Cong"'(i?)). 

The above description of i{B^) double cosets of 0(5+) (and symplectic leaves of 
z_(i?_)/S_) for the standard Poisson~Lie structure on G agrees with the results in ||8|, |l3| . 

Example 4.11 The Cremmer-Gervais Poisson structure on SL{n + 1) was reviewed in 



Examples 3^ and 3.1C . In this case W = 5""*"^ and Wi can be identified with the subgroups 
5""+^ of S"""*"^ that permute the first and the last n letters. Denote by H the maximal 
torus of SL{n + 1) consisting of diagonal matrices. We will assume that any element of 
gn+i -g represented in the normalizer of by a multiple of the corresponding standard 
permutation matrix. Any minimal length representative a in 5""*"^ of a coset from S'"^^/S'" 
should have the property that ct(1), cT(n) is an increasing sequence (see part 1 of 
Lemma 4.3). From this one finds that the set of such representatives consists of cr'J € 5""^^, 
J = 0, . . . , 71, defined by 

a{{p) =p,p = al{p) = p + 1, p = j + 1, . . . ,n; al{n + 1) =j + l. 



In a compact form, they are the permutations 



= ((i + l)(j + 2) ... (n + l)). 



(4.34) 



The groups G'^^ are 



C^i = {diag(yl, a 



,an+i)\A £ GL{j),ap G C; det{A)aj+i . . . a„+i = 1} C SL{n+l). 



The twisted conjugation action of C^i on itself is given by 



^C'diag(A,aj+i,...,a„+i) diag(S, bj+i, . . . , bn+l) - 

diag{A-^BA,a~l-^bj+ia^(^j^^, . . . ,a~l^bn+ia^(_n^ij) 



(4.35) 
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where /i = (a])"^. To each such orbit one can associate the conjugation orbit of GL{j) 
trough B. The correspondence is bijective and the difference in their dimensions is n — j. 
Note also that /(cr-J) = n — j. 

Thus in the case of the Cremmer-Gervais structure the i+(G+) double cosets of D(G+), 
or in other words the symplectic leaves of (recall Theorem |1.1C1| ) are classified 

by a choice of a number j = 0, . . . , n and a conjugation orbit on GL{j). The dimension of 
the corresponding double coset is 

n(n + 1) + {n-j){n + j + 1) + dmi{AdAiB)\ A G GL{j)}. 

4.2 Structure of the group S_ = i+{G+) n C D(G'+) 

Denote 

S_ = n C D(G+). 

It is a discrete subgroup of D(G+) since Lie(z+(G-|_)) nLie(i_(G_)) = 0. 

Theorem 4.12 The group S_ is the intersection of the i± images of the tori {L'-nH)Ai C 
G± in the maximal torus H x ((L[ n H)Ai/Ai) of the reductive group G x {L[Ai/Ai) = 
D(G+). 

Proof. Using the recursive procedure from Subsect. 3.3 we will show that the statement 
holds for G^'^K assuming its validity for G^^^^h Note that it is trivial for G^™'^'^) since 
(^(ordr) ^ Clearly we can restrict ourselves to the step from G*^^^ to G = G*^'^^ . 
Let 

k G L'^Ai, i = 1,2; m± € M± 

be such that 

p+(/i)) = {m^h, G-^ o G i+(G+) n i_(G_). (4.36) 

From the first components we get 

lim+ = m^h G ((L; Ai) M+) n ((L'2 ^2) A^-) ■ (4.37) 

Let n\2. denote the unipotent subgroups of L'^ generated by one parameter subgroups 

of positive / negative roots of I'l that are not roots of [2- Similarly we define as the 
unipotent subgroups of L'2 corresponding to roots of [3 which are not roots of l'^. Using 
the standard fact that the intersection of the two parabolic subgroups P+ and P_ of G is 
connected we get 

m+ G * X N^^}, (4.38) 
m_ G n[^} X F™*, (4.39) 

and 

Zi G iv}i^ X ((L; nL2)^i) , (4.40) 
l2 G ((L'2nLi)^2) xA^2+- (4-41) 
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Let m_|_ = hin2+ and h = ni^/^^"* be the decompositions of m+ and li according to 
the semidirect products ( 4.38| ) and ( ^.401 ) . Eq. ( [4.37 ) imphes that the decompositions of 
m_ and I2 according to ( 4.39D and ([4 .411 ) should be m_ = ni_/i2, h = k^2^n2+ for some 
/i2 G F™* and G (Lg n Li) ^2 such that 

(4.42) 



Observe that 



(l; n L2) ^1 = N^^^ = Nl 



/«, (4.43) 
0(Lie((L; n L2) Ai)) = Lie(4^^ 4^^), ^(Lie(A^}i^)) = Lie(ivi^^). (4.44) 



Since N^^ is a unipotent subgroup of L2 A2 and the kernel A2 of the projection 
p_ : L2 ^2 — > ^2^2/^2 consists of semisimple elements, eqs. ( 4.44 ) imply the existence 
of elements n^}^ G N^^ and G {L^Y such that 



eop+(ni_) = P-(nL^^), 
eop+(/«)=p_(4i)). 



(4.45) 
(4.46) 



Comparing the second components of ( [4.36 ) we get o p+(ni_/^^'*) = p_(A;2"'^^n2+). Com- 
bining this equation with ([4.45|) and ( [4.46 ) gives 



p_(nL')4^))=p_(fc«n2+). 



By modifying l!^^ G (L^^))' A^^) with an element of A2 C (L^^^)' A^^) one can make it satisfy 



(4.47) 



while keeping ( [4.46 ). Expressing in terms 4 from ( [4.42 ) and substituting it in ( 4.47] ) 
gives 

/i2nL^^4^^ = l?hin2+. (4.48) 



Because /^^^ G (Li nLs) ^2 = ^i^^ and n2+ G N^]^ = N^^ eqs. ([Ol ) and (CT ) imply 



(1) 



(1) 



r(l) 



that 



(^^/^i-2+,P+(^^)) = (/.2n«4^\e-^ o p_(4^))) e ^«(g;)) n^«(G«) C D(G«). 
Using the inductive assumption for validity of the statement of the Lemma for G^^^ , 



we get that 4^'' G H, 712+ = e and therefore (/im+,/i) e H x {{L[ f] H) x Ai] 



□ 



As a consequence of Theorem 4.12| we also obtain that the S_ -groups associated to 
the Poisson-Lie groups G, G^^^ , • • • , G^°^'^'^^ are naturally isomorphic. 

From Theorem 4.12 one easily derives an explicit formula for S__ in terms of the lattices 
of kernels of exponential maps for certain tori. We will restrict ourselves to the case of an 
r-matrix for which f)™* are trivial since in the general case the formula is too cumbersome. 

Denote by ker and ker' the kernels of the exponential maps for the tori H and H/ A.2. 
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Corollary 4.13 In the case when the r-matrix r is such that D f), the group S_ is 
isomorphic to 

ker' /(ker' n(l - 6^) ker). (4.49) 

// in addition the groups Aj are trivial, then 



{{h,h)\h G H, e{h) = h}. 



(4.50) 



One easily deduces from the assumption g+ D [) and the fact D(g+) = z+(g+)-i-z_(g_), 
that 1 — is a hnear automorphism of I). This imphes that (1 — 6)~^ ker' is a lattice in f). 
The quotient ( 4.4S| ) of the two lattices is not a finite group in general. 



Proof oi Corollary 4.13 . According to Theorem 4.12 S„ is the subgroup of H x (H/Ai) 
consisting of elements 

(/l,p+(/l)) = (/2,e-lop_(/2)) (4.51) 

for some li E H. Let h = exp{x) for some x G f). The second component of eq. ( 4.5l|) gives 
I2 = exp{9x)X2 for some A2 € A2. From the first component we obtain 

exp((l - 0)x) = A2 G A2 

and thus x G (1 — 6)"^ ker' . Taking the quotient 

(1 - 6)-^ ker' /((I - 0)'^ ker' n ker) (4.52) 

e. The final answer is obtained after 



cancels the elements a; G f) for which exp(x) 
applying (1 - 6*) to (145^ ). 

Eq. ( |4.50| ) follows directly from ( [4.5l|) . 



□ 



Example 4.14 Consider the case of the standard Poisson structure on a complex semisim- 
ple Lie group G. Then A2 is trivial and ker' = ker . Corollary 4.13 combined with the facts 
that the Cayley transform 9 : f) ^ f) is — id|(j and A2 is trivial gives 

S_ ^ ker /(2 ker) ^ Z'^'^^y {2Z'^''^^) ^ Z'/"''^ (4.53) 

or equivalently 

j:_ = {{h,h)\heH,h^ = e}. (4.54) 
This coincides with the results in Ol. 



Example 4.15 For the Cremmer-Gervais structure on SL(n+l) the groups Aj are trivial. 
The group S_ is explicitly given by 

E_ = {{h,h)\h = diag{hi, ... ,hn+i); hi+i = hi, i = 1, ... ,n} 

= {(e^,e^)[e G C, e"+^ = 1} ^ Z„+i (4.55) 

where E denotes the identity matrix of size n + 1. This can also be proved directly from 
( [4.49| ) using the facts that the kernel of the exponential map on f) is 

ker = 2TTiZai ® • • • © 27riZa„. 

and the Cayley transform on Lie algebra level acts by 9{oij) = cij+i for j = 1, . . . ,n — 1 
and 0{an) = — ai — • • • — q„. 
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4.3 Symplectic leaves of G 



In this Subsection we will summarize the results for the symplectic leaves of G_ and 
obtained by combining the results from Subsections 4.1, 4.2 and Theorems 

Theorem 4.16 1. The symplectic leaves of i^{G-)/Ti- are classified by the data from 
Theorem An element v G V, an orbit TC'"{f) in {G'")' , and an element of the abelian 
factor group Z{G'")° /{Cong" {L^)H°'^^Adi,{H°'^^)), all taken modulo the multiplication ac- 
tion of A'1. The dimension of the leaf corresponding to this data is: 

dim([; e ai) - dimr - dim I}™* + l{v) + dimTCf^^yif) + dim Cong'' (L'')/7f*Ad^(/7f*). 

(4.56) 

2. The leaves of G- are coverings of the leaves of i-{G^)/T,- under the projection 



map G- — > i-.{G-) /Ti^. The discrete group S_ is characterized in Theorem ^.li.. 



In a special case Corollary |4.8| gives a simpler description of the symplectic leaves of 

Corollary 4.17 In the case when D f) the symplectic leaves of i-{G-)/T,^ are in one 
to one correspondence with the elements v (zV and the orbits of the action TG of G" on 
G^/Ai. {see ([4.30| )). The dimension of the leaf corresponding to the orbit TC (/) is 

dimti -dimg^ + + dimTCG.(/). 
The group S_ is explicitly computed in Corollary \4.15 . 



Note also that the results from Sect. 4.1-4.2 give some information for the structure 
of the symplectic leaves of In particular, the leaf corresponding to the choice 

of the data specified there has a dense, open subset which is the intersection of the set 
(g^) (for = /, c-^ = c) with i_(G_)i+(G+) projected onto z_(G_)i+(G+)/i+(G+). 



5 Symplectic leaves of G 

This Section describes the set of symplectic leaves of the full group G. The proofs of all 
results will only be sketched since they go along the lines of the proofs of the previous 
Section. We will restrict ourselves to the case when the derived subgroup G' of G is simply 
connected. This is not an essential restriction since any factorizable reductive Poisson-Lie 
group R has a covering which is a Poisson-Lie group G of the considered type. The leaves 
of R are simply projections of the ones of G. 

The above assumption implies in particular that are also simply connected and the 
restriction of the map 9 to I'l can be lifted to an isomorphism 

e' : L[ ^ L'2. (5.1) 

It clearly satisfies 

eop+(/) = p_ oG'(/), V/ € L[. 
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5.1 G" double cosets of D(G') 

The double coset of an element (51,52) £ G x G = D(G) will be denoted by [(51,52)] : 

[(51,52)] := G'-{gug2)G^ cGxG. 

Similarly to (|]|) one has 

[i9il,92)] = [(51,52 e'(/-^))], [(/5i,52)] = [(5i,e'(ri)52)],VZ G L[. (5.2) 

As in Subsect. 4.1.1 it can be shown that any G^ double coset of G x G is equal to a coset 
of the form 

[{llWi,W2l2)] 

where li € Li and Wi are representatives in W of cosets from Wi\W/Wi, i = 1,2. For 
simplicity of notation it will be more convenient to have the cosets written as 

where k and Wi belong to the same sets as above. 
5.1.1 Description of the set of double cosets 

The map r from the Belavin-Drinfeld triple (ri,r2,T) associated to the r-matrix r will 
be assumed to be extended to a linear bijection between the set of roots of Ii and (2. 

Define the set V as the subset oi W x W consisting of pairs of elements (^1,^2) of W 
which are representatives of minimal length in W of cosets from W/Wi, i = 1,2. For each 
such pair (^1,^2) let g^^'^^ be the subalgebra of li containing f) whose set of roots is stable 
under vit~^V2T : 

gt'i,f2 _ gpa,n{/i, | for the roots a of li such that {vit^^ V2t)^ (a) is well defined 

and is a root of li V integer n}. (5.3) 

Note that vit'^^V2T is not defined on all root spaces of li but only on those for which 
V2T{a) is a root of I2. 

In this notation the maximal subalgebra of [2 containing f) whose set of roots is pre- 
served by V2TViT~^ is 

The minimality property of Vi implies that Q^^'^^ are reductive Lie subalgebras of 
[j which are generated by f) and root spaces of simple roots of g. Denote by G^^'^^ the 
connected subgroups of G with Lie algebras g^^'^^ and by W^^'^'^ their Weyl groups, i = 1,2. 
Similarly to Sect. 4.1.2 one shows that Vi are minimal length representatives for the double 
cosets W^''"^ Vi Wi. Clearly Ady,{e')-^Adi„e' is an automorphism of (G^^'^^)'. 

The connected subgroups of G'^^'^^ with Lie algebras gj^'^^ PI ([^ © a^) and 
g^i'^2 p Adi^H'i © ^i) wih be denoted by '"^ and T^'''"''. Note that 

Adi,,e : Lie(Z(Lf '^^2)) ^ Lie (Z (La""')) and 
Md. 1 : Ue{Z{Ll''''')) - Lie(Z(L^i''^^)) 
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are linear isomorphisms. For any (1^1,1^2) G ^ we will denote by Z^^'""^ the following 
subgroups of the abelian group '''2)° x ZiGl^'^^Y : 

zT^"' = {(x,y) G z{Ll^'^y X ziil'^'^y |ep+(x) = V-^dT^{y)Y, 
zl^'^' = {{x,y) G ziVi'^'^y X z{Ll^^^y |p+Ad7i(x) = e-ip_(y)}°. 

Define also the following subgroup of Z{G\^''"y x Z{Gl^''"y 



Theorem 5.1 The C double cosets of G x G are classified by pairs {vi,V2) of minimal 
length representatives in W of cosets from W/Wi, an orbit of the twisted conjugation action 
TC*uv2 (G^i'''^)' on itself defined by 

TG^'^'if) = g-'fAd,,iQ')-'Ad,,Q'ig); g, f e (Gf'^^)', (5.6) 

and an element of the abelian factor group 

{Z{Gl'''"y X Z(G^i'''2)°)/Z^i'''2. (5.7) 

This data has to be taken modulo the action of the finite group 

{{G^'^'y n Z(G^^'^^)°) X {{Gl'^^y n ZiGl'^^Y) (5.8) 



on {Gl^'"'')' X Z(Gf '''2)° X ZiGl^'^'y where an element {qi,q2) of §^ acts on the direct 
product by multiplication by {q^^ Adi,^{Q')^^{q2),qi,q2)- {The choice of representatives of 
Vi in the normalizer of the maximal torus H of G is not essential.) 

An inductive procedure: Let [{liWi,W2'^l2)\ be an arbitrary G''' double coset of Gx G, where 
li G Li and Wi are minimal length representatives of cosets from Wi\W/Wi, i = 1,2. 

We define two sequences of reductive Lie subalgebras of g, elements g^ G gf , and 
w'l^ G W {k > 1, i = 1,2). Set gj = li, gj = k, wj = Wi. For convenience we also define 
g^ = g and extend 9 to a linear isomorphism between Ii and [2. 

As in the proof of Theorem 4.5 the defined objects will have the following two proper- 
ties: 

(1) q\ and 

0?-Aci(^.^....^j)e-^(g^) 

are reductive subalgebras of q\^^ C g generated by the Cartan subalgebra f) and by root 
spaces of simple roots of g. The same property have the subalgebras Q2 



02 = Ad(^.-i ^,)^(g'=^ 

ofg^i 
L 

their Weyl groups. 



Let G^, g\ be the connected subgroups of G with Lie algebras g^, gf and Wi, Wi be 
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(2) are representatives of minimal length in ^ of cosets from Wj^XWj^ ^/W^j • 
If 0^+^ ^ or 0^+^ / si we define 0^+^ and 0^+^ by 

0^^ := ,1 n ^-^Ad^;^,^^ ,^,^(0^) = ^-^Ad^,_,_,^(0^ n Ad,|(0^)), (5.9) 

02^+1 :=0^n0Ad-^, ^,^(0?) = 0Ad-^,., ^,^(0f nAd-^^ (5.10) 

Denote with Nj^^^ and N^^^ the unipotent subgroups of generated by one param- 
eter subgroups of positive / negative roots of that are not roots of q'I'^^ and 0*^"*"^. Set 
Efc = (—1)'^. Let us apply the Bruhat Lemma to E G^, §2 £ G2 and the following pairs 
of parabohc subgroups: iVf x G^+i x ivf + ^ of and N^t^ x G^+i k A^2^+^ 

of Gg. We obtain 

g'l = n[g[w',+'g'ln'l, (5.11) 
52 = n'2<7^(u;2^+^)-i5^V2' (5.12) 

for some g[ € G^+i, 5'/ G (gJ+V 5^ S (G^^)', g'^ G G^+\ n; e iYfi^^, <' G ]vf+\ 
n" G A^2-^> 9,nd rig G A^2et"'^- '^^^ elements wf^^ are minimal length representatives in Wjl' 

of cosets from W^~^^\W /Wj'^^ . Eqs. ( 5. Ill ), ( ^.12 ) define them uniquely. The elements 
gk+i ^ Qk+i defined by 

91^' = ((©O-^Ad^;^, ^,^,0 g[, (5.13) 

= g'^ (e'Ad- ^,^,1') (5.14) 



(see (5.1) and (4.1)). The described procedure has finitely many steps k = 1,...,K. 
Denote Vi = wf .. .wj, i = 1,2. For their representatives in N{H) we set Vi = wf . . .wj. 
Similarly to the proof of Lemma [4.6| one shows that 

{vi,V2) G V 

and that any pair (^1,^2) ^ ^ be obtained through the described procedure. At the 
last step of the procedure 

We will also need the connected subgroups of G^ and G^ with Lie algebras 0^ fl ((^ © Oj) 
and 0^ nAd/ .fe-i ^i-|((i©ai). They will be denoted by and Lj . Let G^'^ and G2''' denote 
the subgroups of G^"^ X G^^^ defined by 

G^'^ = {(x,y) G X l2|ep+(x) = P-Ad-i (y)}° x 

\'"2 ■■■^2) 

(i/riVi,,_, X Ad(^.-. ^,)(/?2°'^*)ivt) (5.15) 



and 



G^ = {{x,y) eLlx Li|p+Ad-^\_, ^,^(x) = e-ip_(y)r x 

(Ad(^.-i...^)(i/r*)ivf+ X i/s^'^^iVi.J. (5.16) 
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Similarly to the proof of ( 3.2C| ), using the fact Aj C H, one shows that the groups G^'^ are 
connected. They will play the role of (as left and right factor) at the fc-th step of the 
procedure. In particular G]'^ = G^ , i = 1,2. □ 



Proof of Theorem 5.1. As in the proof of Theorem [4.5| we construct inductively a se- 
quence of dense, open subsets of the double coset [{liwi, {w2)~^l2)]- The set from the first 
step consists of the following elements of G x G 

n'il'lm'Xn'il'i {w2)-\{e'l'^){pZ'ep+{Q){@'r)m-) (5.17) 

where the elements n^, l'^, m'^, n'_ belong to the factors of the following dense, 
open subset of G+ : 



L\ n Ad;. J(iViV)) (iViV n Ad^J(iViV)) [l\ n Ad^J(Gl: 
Af+nAd^KcD) {L\r^Kd-^\{Nl_)) n Ad;.KiVi_)) . (5.18) 



Similarly , m", I", n" , , belong to the factors of the following dense, open subset 
of G_ 



LlnAd-UGl)) (NtnAd-UNl)) (LlnAd'UNl)]. (5.19) 



The two sets ( ^.18|) and ( ^.19| ) are constructed according to how Ad^i(G+) inter- 
sects the dense, open subset NI^G\NI_ of G and similarly how Ad^i(G_) intersects 
-^2+^2-^2-- The set ( 5.17] ) is obtained by replacing the first component of the right factor 
G^ with ( p. 18 ) and the second component of the left factor G^ with the set ( 5.19| ). 

Similarly to ( gl23|) one shows that the set of elements ( |5.17| ) can be represented as 



^2)"') (a^iV X (Ad^(ivt)nAf2V)) (((G')-^Ad^J,id)(Ad^(I?)nivi, 

xG^ {gl,gl) G'/x 

(id,e'Ad^J)(Ad^ii; n Ari_)) ((Ad^i(ivl+) n Ari_) x nI) (wle) (5.20) 



(recall eqs. ( p. 15 ), ( |5.16| ) for the definitions of Gf'^). One proceeds with the double - 
left G^'^ and right G^'^ coset in G\ x G2 in the same way as in the proof of Theorem 
Unfortunately the unipotent radicals of the projections of G^'^ and Gg'*^ on the first 
component (and also on the second) correspond to roots of different sign for even k and 

to roots of the same sign for odd k. (Compare -/Vi^j,^^, and A^2-' ^2^^-) This does 
not allow obtaining a closed formula for the dimensions of the cosets. The necessary 
modifications will be made in the next Subsection. 

At the last step of the procedure we get the double coset 



Gf"^'^(<7f,52^)G^"^''^ (5.21) 
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in Gl^'"^ X G^''^^ The groups iV^+^ and A^,^"^ are trivial and 

QK+i,r ^ /^ort ^ Adi,,{H°'')) ((id, Adi2 0')(Gi' ^r'"', (5.22) 



= (Adi,i(/7r*) X ((Ad^,(e')"\id)(G^^''^^)'j Z2^^'^^ (5.23) 

This is a consequence from 

p±(Z(Lr'"^)°) = Z(Lj'i'^7A,)° 

which can be proved as fohows. The group on the left is a connected subgroup of the one 
on the right and the two have one and the same tangent Lie algebras, so they coincide. 
Decompose gf G G^^'^'^ as 

gf = f^cf, # G (G^'^^', cf G z(Gr'^7°. 

Each pair (//^, cf) is only defined modulo multiplication of and division of cf by an 
element from the finite abelian group (G^^'"^)' n ^(0^^'"^)°, i = 1,2. Using eqs. ( |5.22D and 
(|]2|) one rewrites (|]2l|) as 

(TCj':^,„,),(/f Ad.,(e')-^(/f)-^),e) ((cf,cf)Z''i''^^) ((id,e'Adri)(Gr''^^)') (5.24) 

(recall the definition ( ^.5| ) of the group Z""^'""^). 
The final result of the procedure is 

[{hw,,w^H2)] = [(/f (Ad,,(e')~H/f )-i)cf^i,^2"'cf)] (5.25) 

and that this coset has the following dense, open subset 

K 

pk 

' k=l 



•^')(n^' 

k=l 

X (TCjt..,,(/f Adi,(0')-'(/2*r').e) ((cf .cfjZ"'") ((id,e'Ad7i)(o;.«)') 



where the subsets and F'^ of G x G are defined by 

X Ad(^^K...^.+.)(Ad^.(iV,^_)niV2,j) X 
X (((G')-Ud^|,Ad(^^, ,.^...))(Ad^.(l5) niV|,^^^; 



and 



X (Ad(^K,„^.+i)(Ad^.(7Vi+niVi^,J X N^j] 
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(Here as before = (—1)'^ 



To the coset (|5.25|) one associates the pair (^1,^2) G V, the TC^l^^^ , orbit of 



/f ?;i(e')"H/2^) e G^i-''^, and the coset 

This is only defined modulo the action of the finite group (|5.7| ) due to the freedom in the 
definition of and cf . 

Analogously to the proof of Theorem 4^ one shows that two sets of the type ( 5.26| ) 



intersect if and only if they correspond to one and the same pair (^1,^2) € V, orbit of 
j'(jvi,v2 ^ and cosets of the abelian factor group (^.71) , modulo the action of the group (^). 
The equivalence relation respects the nonuniqueness in the definition of cf and //^. □ 
From this proof one also derives: 

Corollary 5.2 // the Poisson structure on the group G comes from an r -matrix for which 
0± D (] and the groups Aj are trivial then the C" double cosets of G x G are classified by 
a pair of minimal representatives (^1,^2) in W of cosets from W/Wt and an orbit of the 
twisted conjugation action of G^^'^'^ on itself defined by 

Tcl"'\f) = g-'f{Ad,,Q-'Ad,Mg)y, f,9^ G^'"'- (5-27) 
(Simply connectedness for G' is not assumed.) 



5.1.2 Another view on C double cosets and a dimension formula 

The goal of this Subsection is to prove a formula for the dimensions of the G^' double 
cosets of G X G. The idea is to conjugate the group G^ by some elements of N{H) x N{H) 
in such a way that the iterative procedure of the proof of Theorem ^.ll is still applicable to 
the cosets of the resulting subgroups of G x G. In the same time the corresponding groups 
G^'^ and Gg'*^ from the iteration will have unipotent radicals of their first and second 
components, of opposite sign (independent of the parity of k). 

Let w^'^^ and wf^^^ be the elements of maximal length in the Weyl groups W and 
Wi, i = 1,2. Denote with n™^^ the representatives of minimal length in W of the cosets 
^max^. ^ \Y/Wi. More exphcitly: 

^max^^max(^max)-l^ (5.28) 

Denote 

Gl = (id X Ad^.max)G'' c G X G, 

G^ = (Ad^max X id)G'^ C G X G. 

The double - left G\ and right G2 cosets of G x G will be called for simplicity G^ — G2 
cosets of G X G. There is a simple connection between them and the G^ double cosets of 
G X G : 

[(51,52)] = (e,(n^^)-l)(G^(5l(n^^)-^n^"52)G^2)(^^^e). (5.29) 
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Theorem 5.3 1. Any G\ — G'2 coset of G G is of the form 

G\{fcivi{err\ (^'2(n^")-')-'c2)G^2 (5.30) 

where vi are minimal length representatives in W of cosets from W/Wi, f € (G^^'^^)', and 
Ci G Z{G^^'^^)° . All such cosets are classified by the same data as in Theorem |5!J and are 
related to the G'' double cosets of G x G via 

[{fc,vuV2'c2)] = (e,(nr")-^) (gJ (/cit.i(nr")-\ nr^t^^-^cs)^^) (u^^ e) • (5.31) 

2. The dimension of the cosets ( ^.30| ) and ( |5.31| ) is 

2dim0 - 2dimn+ - dim{gl^'''^y + l{vi) + l{v2) + ^iinTC^^'Z-2yU) - dim Z''^ -"^ . (5.32) 

(,^1 J 

Proof. The images of [j, Lj, ^j, m±, and M± under conjugation with vJ^^^ will be denoted 
by (j, Lj, Ai, m^, and M^. 

Since w"^^^, ^max g^j^g ^YiQ elements of maximal length in W, Wj, they map (simple) 
positive roots of g, Ij into (simple) negative roots of the same algebras. Formula ( |5.28| ) for 
^max i]-)^pijgg that Ad^max maps 

(1) (simple) positive roots of into (simple) positive roots of Ij, and 

(2) positive roots of g that are not roots of [j into negative roots of g that are not roots 

ofTi. 

Prom (1) we get that Ij are reductive subalgebras of g generated by \) and root spaces of 
simple roots of g. Property (2) implies that the Lie algebras ffi± are spanned by negative 
root spaces of g and {u^^^)~^ {^f^) ■ 

The groups G\ can be more explicitly written as 

G\ = {M^,M+) {{x,y) G (L'lli) x {L'^A2)\ ep+AdT^ax(x) = y}, 
Gl = {M_,M+){{x,y) G {L[Ai) x (L'a^^)! Gp+(x) = p_Ad7|..(y)}. 

The two groups are of the same type as C. On Lie algebra level the role of the Cayley 
transformation : l'^ © Oi ^ [2 © 02 is played by the map 

^Ad^^ax : © Oi ^ [2 © 02 

for the first group, and by 

Adijmax6» : l[ © oi © a2 

for the second one. 

The procedure from the proof of Theorem |5.1| can be applied to describe the set of 
Gi — G2 cosets of G X G. It starts with g} = li, g} = li, g2 = and g2 = (2. The final 
result depends on a choice of a pair (^1,^2) of minimal length representatives in W of 
cosets from W/Wi. Denote the set of such pairs by V and recall the definition of the set 
V from Sect. 5.1.1. Properties (l)-(2) of the elements uf^^^ G W imply 

{vi,V2) G y if and only if (t;i(nr")"\ ^'2(nr")~^) ^ V. 
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For any (^1,^2) & V we will use the representatives vi{u^''^^) ^, V2{u^'^^) ^ of fi(u™'*^) ^, 
V2{u2^^^)~^ in N{H). As in Theorem 5.1 the procedure for the G1 — G2 cosets of Gx G gives 



that any such coset is equal to a coset of the form ( ^.30 ) for some pair (viuf^^, V2U^^^) G V 
(i.e. (t;i,i;2) G V). 

The important point now is that at each step of the procedure the unipotent radicals 
of the first and second components of the (new) groups G^'^ and ^2'*^ have opposite signs. 
This gives a closed formula for the dimension of the coset (5.30): 



2dim0 - dim(0;'^''^^)' - l{v,{urn-') - l{v2{ur''r') + dimTCj'^,„,^,(/) - dimZ'^^'^'^ 

(The proof is identical to the one of the dimension formula ( [4.11D .) Formula ( |5.32| ) follows 
from it and 

/(ui<^^) = dimn+-/(fi). 

The last equation is a consequence from properties (l)-(2) of uf^^^ and the fact that the 
length of w € is equal to the number of positive roots a of g for which w{a) is a 
negative root. □ 

5.2 The group d{G) n C 

Let S denote the group d{G) n G^. It is a discrete subgroup of G x G since d{Q) n g*" = 0. 

If {x,y) E S then y = x and p+{x) = p_(x). So (x,p_(_(x)) G S_ and one can define a 
map 

: S ^ by 0(x,y) = (x,p+(a;)) (5.33) 
(recall the notation from Sect. 4.2). It is an isomorphism because of ( p. 20] ). 

Proposition 5.4 For a Poisson structure on G for which C" is a closed subgroup ofGxG 
the groups T, and S_ are canonically isomorphic via ( ^.33| ). For any factorizable Poisson 
structure on G 

S = ?(//)nG^ (5.34) 



In the general case ( ^.34 ) is proved in the same way as Theorem 4.12 . 



Note that all points of S are fixed under the dressing action of G*" on G (i.e. they 
are dimensional leaves of G). Thus ( 5.34| ) can be viewed as a dressing analog of the 



classical fact that the center of a reductive group R belongs to any maximal torus of R. 
The theorem deals with a fixed torus because the Poisson structure depends on the choice 
of the torus. 

5.3 Symplectic leaves of G 



As a direct consequence from the results of the previous Subsections and Theorems 1.9 



and 1.10, we obtain the following classification result for the set of symplectic leaves on 



the Poisson-Lie group G. 

Theorem 5.5 Let G be a complex reductive Poisson-Lie group with simply connected 
derived subgroup G' . 
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1. The symplectic leaves in d{G)/T; are classified by the data of Theorem \5.1\ . The 
dimension of the leaf corresponding to the pair of minimal length representatives (^1,^2) 
of cosets from W/Wi and the TC^^'^^ orbit through f G {Gl^'"^)' is 

dim([; © 01) + 2dimf]f - dim(0^^'''^)' + + liv2) + diniTC j'J^^^yl/i) " dimZ^^'^^ 

2. The symplectic leaves of G are coverings of the ones ofd{G)/T, under the projection 
G d{G)/Ti. The group S can be computed explicitly from Proposition 5.4- 



In a particular (but important) case this Theorem simphfies a lot (see Corollaries 5.2 
andCT)- 

Corollary 5.6 Let G be a factorizable complex reductive Poisson-Lie group for which the 
associated r -matrix satisfies 0± D f) and the groups A, are trivial. 

Then the symplectic leaves of d{G) /S are classified by a pair of minimal length rep- 
resentatives {vi,V2) of cosets from W/Wi and an orbit of the twisted conjugation action 

TC"'''" ofGl^'"^ on itself defined in ( pT]) . 

The dimension of the leaf that corresponds to this data is 

dim [1 - dim + dimTC'vf.l^ (/) + l{vi) + l{v2) ■ 

The group S is explicitly given by 

S = {{h,h)\h e H, Q{h) = h} ^ ker /(I - 6l)(ker) 

where ker denotes the kernel of the exponential map for the maximal torus H. 



Remark 5.7 Consider the special choice of the data of Theorem p.5| and Corollary 5^ 
when V2 is taken the identity element id of W and only a subgroup Fi of the abelian 
factor group {ZiGl^^'y X Z{Gl^''y)/Z''^^''^ is considered. It is defined as the image of 
the projection of the subtorus Z{Gl^''^y x e of Z(Gf '''^)° x Z{Gl^^''^y. The simplectic 
leaves of G corresponding to this special choice of the data are the symplectic leaves of 
the Poisson subgroup G_ of G. 

The connection with Theorem 4.16| and Corollary 4.17 is as follows. For any minimal 
representative vi in I^ of a coset from W/Wi one has G^^'^'^ = G^^ and the twisted 
conjugation actions TG^^'^ and TG""^ are the same. Using 

Zl^^'^ = {ix,y) G Z(Lr''^)° X Z{Lf''''r\ep+ix) = p_(y)}° 



one identifies the part of the data of Theorems |4.q and coming from the abelian factor 
groups 

Fi ^ Z(G''i)7(Cong^i(L^i)/7f*Adi,,(i/f*)). 

The fact that the groups L'- are simply connected implies Aj G Z[Li)° . From it one also 
gets 

=d((G^'0'nZ(G''i)°)(e,Ai) c {G'")' x Z{G''^f 
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where d{.) stays for the diagonal embedding. This gives the connection between the 



"modulo" parts of Theorems |4.5| and 5.1 



The iterative procedures from the proofs of these Theorems are also related. Let us 
start with the C double coset of the element {liwi,e) ^ G x G and the i+{G-^) double 
coset of the same element but considered in G x ((L'^^ x yli)/Ai). The reductive Lie algebras 
5^, q'^ and g^, from these proofs are related by 



^2fc „k 

01 = > 
01 = £ 



At odd (even) steps k the algebras g^f (respectively Qi) are kept unchanged. 



Example 5.8 If the complex semisimple group G is equipped with the standard Poisson 
structure then any double G'' coset of G x G is equal to a coset of the form [(/ii^i, ■i'^^/12)] 
for some hi G H and Vi € W. The procedure from the proof of Theorem |5.1| has only one 
step and it produces the following representation of the above coset (see also Corollary 



where 



v^',e)i^N+ X {Adi,,{N^)nN+))[TGH (/iiAdi„(/i2)), e) x 
X |(/i-i,Adi,,(/i))|/i G F}((Ad,,(iV+) n Af_) X iV_)(t;i,, 



(5.35) 



(5.36) 



All such double cosets and thus all symplectic leaves of d{G)/T, are classified by a pair 



(^1,^2) € W and an orbit of the action (15. 3q ). Both Corollary |5.6| and (|5.35D imply that 
the dimension of the corresponding symplectic leaf is 



diuiTCy (h) + l{vi) + 1{V2) 



The group S is isomorphic to the group $]_ from Example 4.14 (see ( [4.53| ) and ( |4.54| )). 
This Example agrees with the results in [10, 13]. 



Example 5.9 Here we discuss the set of symplectic leaves of the group SL{n+l) equipped 
with Cremmer-Gervais Poisson structure. 

The first step is the classification of the SL{n + ly double cosets of D(5L(n + 1)). 
Recall from Example [4.1 1| that the minimal length representatives in W = S"""*"^ of the 
cosets from W/Wi = S^^^ / are the permutations al, j = 0, ...,n defined in ( 4.34| ). 



In the same way one finds that the minimal length representatives for the cosets from 
W/W2 = S^+V-S"? are the permutations 



= {l...{n + l-k)y', k = 0,...,n. 

As in Example [4.11| we will assume that all elements of the Weyl group of SL{n + 1) are 
represented in N{H) by multiples of permutation matrices. 
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(1) Case j + k > n. The stable subgroup g'^^''^^ is given by 
^ai,<72 ^ {diag(ai, . . . ,a„_fc,^, Oj+i, . . . ,an+i) | Op G C, A G GL(j+/c-n), det ^ Op = 1}. 



. j . 

Under the twisting conjugation action TC^i'^^a of this this group on itself the element 
diag(ai, . . . , a„_fc, A, aj+i, . . . , a„+i) acts as follows 

diag(5i, . . . , bn^k, B, bj+i, ^ (5.37) 
diag(af 6ia^(i), . . . ,a~_f^bn-ka^(n-k),A~'^BA,aJ^^bj^ia^(^j+i),. . . , a~^_i6„+ia^(„+i)) 

where the permutation n G S^^^ is given by 

/x= ((j + l)...(n + l)(n-A;)...l). 

There is a one to one correspondence between the set of TC^i'^^s orbits on G^^' ^ and 

. j . ^ 

the conjugation orbits of GL{j + k — n). To the orbit of the element ( 5.37] ) of G^^' ^ is 
associated the conjugation orbit of i? G GL{j + k — n). 

Therefore the SL{n + If double cosets of SL{n + 1)^^ ^ D(5L(n + 1)) and the 
symplectic leaves of SL{n + 1)/S corresponding to the permutations a\ , a2 with j + k > n 
are classified by the conjugation orbits of GL{j + k — n) on itself. The dimension of the 
leaf corresponding of the orbit trough B G GL(j + k — n) is 

(2n - j -k){j + k + l) + dim{AdAS| A G GL(j + k- n)}. 

The group S coincides with the group 5]_ from Example 4.11] (see (]4.55] )) and the sym- 
plectic leaves in SL{n + 1) are coverings of the ones of SL{n + 1)/S under the covering 
map SL{n + 1) ^ SL{n + 1)/S. 

(2) Case j + k < n — \. Then the stable subgroup G^^' ^ is 

{diag(ai, . . . , a^+i, A, a„_fc+i, . . . ,a„+i) | Op G C, A G GL{n-j -k- l),det^PJap = 1}. 

p 

. j . ^ 

The TG"^'"'^ action of the element diag(ai, . . . , aj+i, ^, a^i-fc+i, . . . , a„+i) on 
diag(6i, . . . , bj+i,B, bn-k+i, ■■■ , bn+i) gives the element 

diag(a^^6ia^(i), . . . , a~^^bj^iaf^(^j^i), A'^ BA, a~\^^bn^k+iaf^{n-k+i), ■ ■ ■ > «^+i^n+i«M(n+i)^ 
where 

/X = (1 . . . (i + l))-i ((n - + 1) . . . (n + 1)) G 5"+^ 

The symplectic leaves of SL{n + 1)/S corresponding to , cif in the case j + k < n — 1 are 
classified by the conjugation orbits of GL{n — j — k — 1) on itself and a complex nonzero 
number. (It comes from the fact that the product of the entries ai, . . . , Oj+i is invariant 
under the twisting conjugation action.) The dimension of the leaf corresponding to the 
orbit through B G GL{n — j — k + 1) is 

{2n-j-k- 2){j + k + l) + 2n + dimjAdA^I A G GL{n -j-k- 1)}. 

The group S is the same as in case (1) and the symplectic leaves of SL{n + 1) are 
recovered in the same way. 
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